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Off-Policy Reinforcement Learning with Anytime Safety Guarantees via Robust Safe
Gradient Flow

Pol Mestres Arnau Marzabal Jorge Cortés

Abstract—This paper considers the problem of solving con-
strained reinforcement learning (RL) problems with anytime
guarantees, meaning that the algorithmic solution must yield
a constraint-satisfying policy at every iteration of its evolution.
Our design is based on a discretization of the Robust Safe
Gradient Flow (RSGF), a continuous-time dynamics for anytime
constrained optimization whose forward invariance and stability
properties we formally characterize. The proposed strategy,
termed RSGF-RL, is an off-policy algorithm which uses episodic
data to estimate the value functions and their gradients and
updates the policy parameters by solving a convex quadratically
constrained quadratic program. Our technical analysis combines
statistical analysis, the theory of stochastic approximation, and
convex analysis to determine the number of episodes sufficient
to ensure that safe policies are updated to safe policies and
to recover from an unsafe policy, both with an arbitrary user-
specified probability, and to establish the asymptotic convergence
to the set of KKT points of the RL problem almost surely.
Simulations on a navigation example and the cart-pole system
illustrate the superior performance of RSGF-RL with respect to
the state of the art.

I. INTRODUCTION

Reinforcement learning (RL) seeks to find an optimal deci-
sion policy by having an agent interact with its environment
through trial and error. At any given state, an action taken
by the agent makes them transition to a new state with some
probability, after which they incur an associated reward. The
optimal policy is that which maximizes a prespecified long-
horizon cumulative reward. Today, RL-based methods are
pervasive in a wide range of technological applications of ma-
chine learning and artificial intelligence in society. However,
the use of RL in safety-critical applications (e.g., autonomous
driving, healthcare, or energy management) requires additional
precautions, because the process of trial-and-error can lead
the agent towards unsafe regions, with potentially catastrophic
consequences. This has sparked the development of safe RL
techniques that seek to find optimal policies meeting desired
safety specifications. In this paper, we design an algorithm to
solve constrained RL problems in an anytime fashion, meaning
that the algorithm satisfies the constraints at every iterate.

Literature Review: Safe RL has been actively pursued in
recent years, see [2]–[5] for comprehensive surveys on the
subject. Here, we discuss the works best aligned with the
approach to safe RL taken here. Safety constraints in RL are
often expressed as cumulative constraints, which require the
expected value of a sum of costs over a given time horizon to
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be kept below a certain threshold [6]–[9]. Markov Decision
Processes with such type of constraints are referred to as
Constrained Markov Decision Processes (CMDPs). A standard
approach to solve CMDPs are primal-dual methods [10], [11],
which take a gradient ascent step in the primal variable and a
gradient descent step in the dual variable. For finite state and
action MDPs with a special type of transition functions, [12]
shows that such primal-dual scheme converges to the optimal
policy. Similarly, for continuous state and action spaces, [9]
also provides a primal-dual scheme that provably converges to
the optimal policy. However, these guarantees require solving
an unconstrained RL algorithm at every iteration, which makes
the algorithm computationally hard to execute (although prac-
tical implementations are given in [10]). Furthermore, primal-
dual schemes can lead to safety violations during the training
process, which compromises their implementation in physical
domains. Although there exist implementations of primal-dual
methods that guarantee safety during training, these are either
limited to particular policy parametrizations [13] or solve
a relaxed version of the problem and hence introduce an
optimality gap [14]. Beyond primal-dual methods, there exist
other algorithms in the literature whose goal is to provide
safety guarantees during training. For example, [7] proposes
CPO, an algorithm that is solely based on primal updates
and that enjoys safety guarantees at every iteration. How-
ever, performing the exact policy update is computationally
intensive, and the proposed practical implementations employs
a first-order approximation of the objective and constraints
that might violate the safety constraints during training. On
the other hand, [15] introduces IPO, another primal method
that includes the safety constraints as penalty terms in the
objective function, and also guarantees the satisfaction of the
safety constraints during training. However, this algorithm
presupposes the existence of a safe initial policy and its conver-
gence properties are not studied. The method proposed in [16]
leverages Lyapunov functions to guarantee the satisfaction of
constraints during training. However, the method proposed to
search for such Lyapunov functions might be computationally
intensive, and it is only shown to converge for a limited
class of problems. On the other hand, [17] introduces an
algorithm for finite state and action CMDPs that guarantees
that trajectories satisfy budget constraints at all times. It is
also possible to optimize over a class of truncated policies
so that unsafe actions have probability zero, as in [18], but
such restrictions also introduce an optimality gap, which is
not formally quantified.

The methods described above are all on-policy, i.e., they
rely on trajectories from the current policy iterate to generate
the estimates needed for the algorithm execution. Instead, here
we pursue the design of off-policy methods, where trajectories
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from other policies can be used to generate the estimates. Such
methods enable the use of datasets of trajectories obtained
offline or in previous iterations, significantly enhancing the
efficiency of the algorithm implementation.

Statement of Contributions: The paper contributions are:
(i) we introduce a continuous-time algorithm for anytime

constrained optimization termed Robust Safe Gradient
Flow (RSGF). We identify conditions under which the
RSGF is well defined and locally Lipschitz. We also
establish the equivalence between its equilibria and the
KKT points of the constrained optimization problem,
and show forward invariance of the constraint set and
convergence to the set of KKT points;

(ii) we define estimates for the value functions defining the
constrained RL problem as well as their gradients. These
estimates are off-policy, i.e. the estimates of any given
policy can be constructed using trajectories generated
by other policies. We establish a range of statistical
properties of these estimates, including their mean and
bounds on their variance and tail probabilities;

(iii) we combine (i) and (ii) to introduce the off-policy Ro-
bust Safe Gradient Flow-based Reinforcement Learning
(RSGF-RL). This algorithm is based on a discretiza-
tion of RSGF and employs the off-policy estimates of
the value function and their gradients. By leveraging
the statistical properties of the latter, we determine
a sufficient number of episodes such that RSGF-RL
updates safe (and unsafe but close to safe) policies to
safe policies for any prescribed confidence. Combining
the properties of RSGF with the theory of stochastic
approximation [19], [20], we also show that the iterates
of RSGF-RL asymptotically converge to a KKT point
almost surely, and characterize its rate of convergence.

(iv) we illustrate the performance of RSGF-RL on a naviga-
tion example and the cart-pole system, and compare it
against the state of the art.

Preliminary results were presented in the conference arti-
cle [1], whose focus was restricted to on-policy data and a
single safety constraint. Furthermore, the convergence to the
set of KKT points was only ensured in expectation. All of
these are special cases of the present work. The generalization
here from on-policy to off-policy data and the establishment
of almost sure convergence, along with the novel technical
treatment based on the dynamical properties of RSGF and
the theory of stochastic approximation, are instrumental in
expanding the applicability of the proposed framework.

II. PRELIMINARIES

We introduce here the notation and basic notions on sta-
bility of dynamical systems, Markov decision processes, and
constraint qualification in nonlinear programming.

Notation: We denote by Z>0, R, and R≥0 the set of positive
integers, real, and nonnegative real numbers, respectively.
Given N ∈ Z>0, we let [N ] = {1, 2, . . . , N}. For N1, N2 ∈ Z,
we let [N1 : N2] = {N1 + 1, N1 + 2, . . . , N2}. For x ∈ Rn,
‖x‖ denotes its Euclidean norm, and for l ∈ [n], x(l) is its
l-th component. Given a set C ⊂ Rn, 1C is the indicator
function of C, which is such that 1C(x) = 1 if x ∈ C

and 1C(x) = 0 otherwise. We let In be the n-dimensional
identity matrix. Given a function V : Rn → Rm, we let
Im(V ) = {V (θ) ∈ Rm : θ ∈ Rn} denote its image. Given a
random variable X taking scalar values, X ∼ η indicates X
is distributed according to a probability distribution η, E[X]
denotes its expectation, and Var(X) = E[(X − E[X])2] its
variance. Given a set S, P (S) denotes its power set, i.e., the
collection of all subsets of S. The collection Σ ⊂ P (S) is
a σ-algebra if and only if: (i) S is in Σ, (ii) if A ∈ Σ, the
complement of A is also in Σ, (iii) if {Ai}i∈Z>0 is a countable
union of sets in Σ, then

⋃
i∈Z>0

Ai ∈ Σ.
Stability of Dynamical Systems: We recall here concepts

on stability of dynamical systems following [21]. Let F :
Rn → Rn be a locally Lipschitz vector field and consider
the dynamical system ż = F (z). Local Lipschitzness ensures
that for every initial condition x ∈ Rn there exists T > 0 and
a unique trajectory z : [0, T ] → Rn such that z(0) = x and
ż(t) = F (z(t)). If the solution is defined for all t ≥ 0, then it
is forward complete. If every solution is forward complete,
for each t ≥ 0, the flow map is defined by the function
Φt : Rn → Rn such that Φt(x) = z(t). A set K ⊂ Rn is
forward invariant if, for every initial condition x ∈ K, the
trajectory with initial condition at x is forward complete and
Φt(x) ∈ K for all t ≥ 0.

Constrained Markov Decision Processes: Here we recall
concepts on Constrained Markov Decision Processes (CMDP)
following [6], [22]. A CMDP is given by a tuple M =
(S,A, P,R0, {Rj}qj=1), with q ∈ Z>0. Here, S is a set of
states, A is a set of actions, and P : S × A × S → [0, 1] is
a probability transition function, where P (s, a, s′) represents
the probability that the agent transitions to state s′ ∈ S given
that it is at state s ∈ S and takes action a ∈ A. Further,
R0 : S ×A×S → R and Rj : S ×A×S → R for j ∈ [q] are
functions: for every s ∈ S, a ∈ A, and s′ ∈ S, R0(s, a, s′) is
the reward associated with completing a task when an agent
is at state s, takes action a, and transitions to state s′. Instead,
Rj(s, a, s

′) is the cost associated with a safety constraint when
an agent is at state s, takes action a, and transitions to state s′.
A policy π for the CMDP is a function that maps every state
s ∈ S to a distribution over A, denoted as π(·|s): here, π(a|s)
is the probability of taking action a ∈ A at state s ∈ S.

Constraint Qualifications in Nonlinear Programming:
We summarize here various constraint qualification condi-
tions from nonlinear programming following [23]–[25]. Let
f, g1 . . . , gq : Rd → R be differentiable functions, and
consider a nonlinear optimization problem of the form

min
x∈Rd

f(x)

s.t. gj(x) ≤ 0, j ∈ [q], (1)

where f, g1, . . . , gq are continuously differentiable. Let the
active and inactive constraint sets be defined by I0(x) = {j ∈
[q] : gj(x) = 0} and I−(x) = {j ∈ [q] : gj(x) < 0}. Then,
• Slater’s condition (SC) holds for (1) if there exists x ∈ Rd

such that gj(x) < 0 for all j ∈ [q];
• the Mangasarian-Fromovitz Constraint Qualification

(MFCQ) holds for (1) at x ∈ Rd if there exist ξ ∈ Rd
such that ∇gj(x)>ξ < 0 for all j ∈ I0(x);
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• the constant-rank condition (CRC) holds for (1) at x ∈ Rd
if there exists a neighborhood N of x such that for all
I⊂I0(x), rank({∇gj(x̄)}j∈I) is constant for all x̄ ∈ N .

If x∗ is a local minimizer of (1), and MFCQ or CRC hold at
x∗, then there exist u∗ ∈ Rq (which we refer to as a Lagrange
multiplier vector) such that the Karush-Kuhn-Tucker (KKT)
conditions hold:

∇f(x∗) +

q∑

i=1

u∗j∇gj(x∗) = 0, (2a)

gj(x
∗) ≤ 0, u∗j ≥ 0, u∗jgj(x

∗) = 0, j ∈ [q]. (2b)

If (1) is convex, x∗ is a local minimizer, and SC holds,
then the KKT conditions (2) also hold. Any x∗ ∈ Rd for
which there exists u∗ ∈ Rq satisfying (2) is referred to as a
KKT point of (1). We note that u∗j is the Lagrange multiplier
associated with the j-th constraint.

Given differentiable functions f̃, g̃1, . . . , g̃q : Rd×Rc → R,
consider the parametric nonlinear optimization problem

min
x∈Rd

f̃(x, z)

s.t. g̃j(x, z) ≤ 0, j ∈ [q]. (3)

Let Ĩ0(x, z) = {j ∈ [q] : gj(x, z) = 0} be the set of
active constraints. We say that the constant-rank condition
(CRC) holds for (3) at (x0, z0) ∈ Rd × Rc if there exists a
neighborhood N of (x0, z0) such that for any Ĩ ⊂ Ĩ0(x0, z0)
and (x, z) ∈ N , {∇xgj(x, z)}j∈Ĩ has a constant rank.

III. PROBLEM STATEMENT

In this section we formalize the problem of solving con-
strained reinforcement learning (RL) problems in an anytime
fashion. Given a CMDP M = (S,A, P,R0, {Rj}qj=1), the
goal is to maximize the cumulative reward while keeping the
cumulative costs below a threshold. We consider a parametric
class of policies indexed by a vector θ ∈ Rd. We denote
the policy associated with θ as πθ. Given a distribution η of
initial states, a discount factor γ ∈ (0, 1), and a time horizon
T ∈ Z>0, we consider the following problem:

min
θ∈Rd

V0(θ)=Ea∼πθ(·|s)
s0∼η

[ T∑

k=0

−γkR0(sk, ak, sk+1)

]
(4)

s.t. Vj(θ)=Ea∼πθ(·|s)
s0∼η

[ T∑

k=0

γkRj(sk, ak, sk+1)

]
≤0, j ∈ [q].

Problem (4) seeks to find the policy πθ that maximizes the
expected cumulative reward given by R0 (for convenience, we
have changed the sign of R0 to turn (4) into a minimization
problem) over T time steps and also maintains the expected
cumulative costs given by Rj for all j ∈ [q] over T time steps
below zero. Throughout the paper, we refer to V0, . . . , Vq as
value functions. The discount factor γ determines how much
future rewards are valued compared to immediate rewards.

Remark III.1. (Ensuring safety of state trajectories):
Throughout the paper, the notion of safety refers to the
satisfaction of the constraints in (4), and therefore pertains the
policy parameter θ. Interestingly, with an appropriate selection

of the cost function Rj , this safety guarantee implies the
forward invariance of a desired set Cj ⊂ S with a prescribed
confidence. In fact, let

Rj(st) = 1− 1Cj (st) +
γT δj∑T−1
t=0 γt

,

where 0 < δj < 1, for all j ∈ [q], are prescribed confidence
levels. According to [10, Theorems 1 and 2], the satisfaction
of the cumulative constraints in (4) implies that

P
( T−1⋂

t=0

{st ∈ Cj}
)
≥ 1− δj , ∀j ∈ [q],

i.e., the probability that the states remain within Cj in the next
T timesteps is at least 1− δj . •

The functions {Vi}qi=0 are in general non-convex, and this
makes solving (4) NP-hard. Therefore, we aim to find local
minimizers (or, more generally, KKT points) of (4). Addition-
ally, because of their definition, the values of V0, . . . , Vq and
their gradients at arbitrary θ ∈ Rd are not readily available,
and instead need to be estimated through episodic data (i.e.,
trajectories generated by the policy πθ) of the CMDP.

Formally, we seek to solve the following problem.

Problem 1. Develop an RL algorithm that,
• converges to a KKT point of (4);
• is anytime, meaning that at every iteration, the constraints

of (4) are satisfied.

Due to the probabilistic nature of the CMDP dynamics,
Problem 1 can only be solved in a probabilistic sense, i.e.,
given a finite number of available episodes, one can only
expect to obtain convergence and constraint satisfaction results
that hold in probability. As the number of available episodes
grows, one can also expect that the convergence and constraint
satisfaction guarantees hold with arbitrarily high probability.

IV. THE ROBUST SAFE GRADIENT FLOW

Here we describe the Robust Safe Gradient Flow (RSGF), a
continuous-time anytime algorithm for constrained optimiza-
tion that is a variation of the Safe Gradient Flow [26], [27]. We
later rely on the RSGF to design our solution to Problem 1.
Even though our proposed RL algorithm will eventually be
defined in discrete time, the properties of the continuous-time
flow established here are key, as we will leverage them using
the theory of stochastic approximation, cf. [19], [20].

Let V0, . . . , Vq̃ : Rd → R be continuously differentiable
functions and consider the constrained optimization problem

min
θ∈Rd

V0(θ) (5)

s.t. Vj(θ) ≤ 0, j ∈ [q̃].

We let C = {θ ∈ Rd : Vj(θ) ≤ 0, ∀j ∈ [q̃]} denote the
feasible set. Given α > 0 and a continuously differentiable
function β : Rd → R>0, let Rα,β : Rd → Rd be defined by

Rα,β(θ) = arg min
ξ∈Rd

1

2
‖ξ +∇V0(θ)‖2 (6)

s.t. αVj(θ) +∇Vj(θ)>ξ +
β(θ)

2
‖ξ‖2 ≤ 0, j ∈ [q̃].
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We note that if β ≡ 0, this definition recovers the Safe
Gradient Flow [26]. We study the properties of the flow

θ̇ = Rα,β(θ), (7)

which we refer to as the Robust Safe Gradient Flow (RSGF).
In particular, we seek to determine conditions under which
the dynamics is well-posed and characterize the transient and
asymptotic behavior of its trajectories.

A. Well-Posedness and Regularity Properties

We start by introducing some regularity and constraint qual-
ification assumptions regarding the optimization problem (5).

Assumption 1. (Regularity): The functions V0, . . . , Vq̃ : Rd →
R, and β : R→ R are twice continuously differentiable.

Assumption 2. (Constraint qualifications in the feasible set):
For all θ ∈ C, (5) satisfies MFCQ. Additionally, for each θ ∈
C, the parametric problem (6) satisfies CRC at (θ,Rα,β(θ)).

Assumption 3. (Constraint qualifications outside the feasible
set): For all θ ∈ Rd\C, Slater’s condition holds for (6) and
the parametric problem (6) satisfies CRC at (θ,Rα,β(θ)).

Assumption 1 is standard in the literature [28] and is
satisfied by considering smooth policies πθ. MFCQ and CRC
in Assumptions 2, 3 are standard constraint qualification
conditions for constrained optimization problems such as (5)
and (6), and ensure that Rα,β enjoys good regularity prop-
erties, as we establish in the sequel. Lemma A.2 provides
conditions under which Slater’s condition holds for (6) for
each θ ∈ Rd\C, and Lemma A.3 provides conditions under
which CRC holds for (6) at (θ,Rα,β(θ)) for some θ ∈ C.

The next result provides a closed-form expression for Rα,β
in terms of the Lagrange multipliers of (6).

Lemma IV.1. (Alternative expression for RSGF): Let uj :
Rd → R map θ ∈ Rd to the Lagrange multiplier associated
with the j-th constraint of (6). If MFCQ holds for (5) at θ ∈ C,

Rα,β(θ) = −
∇V0(θ) +

∑q̃
j=1 uj(θ)∇Vj(θ)

1 + β(θ)
∑q̃
j=1 uj(θ)

. (8)

Proof. Note that since θ ∈ C, [q̃] = I0(θ) ∪ I−(θ). Since
MFCQ holds for (5) at θ, there exists ξ ∈ Rd such that
∇Vj(θ)>ξ < 0 for all j ∈ I0(θ). Hence, by taking εj <
2|∇Vj(θ)>ξ|
β(θ)‖ξ‖2 and ξ̂ = εξ with ε ∈ (0, min

j∈I0(θ)
εj),

αVj(θ) +∇Vj(θ)>ξ̂ +
β(θ)

2
‖ξ̂‖2 < 0, ∀j ∈ I0(θ).

On the other hand, for every j ∈ I−(θ), let εj be sufficiently
small so that αVj(θ) + εj∇Vj(θ)>ξ̂ + ε2j

β(θ)
2 ‖ξ̂‖2 < 0. Now,

taking ε ∈ (0,min
j∈[q̃]

εj) and ξ̃ = εξ, we conclude αVj(θ) +

∇Vj(θ)>ξ̃ + β(θ)
2 ‖ξ̃‖2 < 0, for all j ∈ [q̃], and hence Slater’s

condition holds for (6). Since (6) is convex, this means that
Rα,β satisfies the KKT equations associated to (6). Hence,

Rα,β(θ)+∇V0(θ)+

q̃∑

j=1

uj(θ)
(
∇Vi(θ) + β(θ)Rα,β(θ)

)
=0,

from where the expression (8) follows.

The next result provides conditions under which (6) is
feasible and locally Lipschitz.

Lemma IV.2. (Feasibility and Lipschitzness): Suppose As-
sumption 1 holds. Then,

(i) under Assumption 2, Rα,β is well-defined and locally
Lipschitz on an open neighborhood containing C;

(ii) under Assumptions 2 and 3, Rα,β is well-defined and
locally Lipschitz on Rd.

Proof. (i): By the argument employed in the proof of
Lemma IV.1, Slater’s condition holds for (6) at any θ ∈ C.
This means that there exists ξ ∈ Rd such that αVj(θ) +

∇Vj(θ)>ξ + β(θ)
2 ‖ξ‖2 < 0 for all j ∈ [q]. Since Vj ,∇Vj and

β are continuous, there exists a neighborhood Uθ of θ such
that αVj(θ̄) + ∇Vj(θ̄)>ξ + β(θ̄)

2 ‖ξ‖2 < 0 for all θ̄ ∈ Uθ.
In particular, the constraints in the definition of Rα,β are
feasible at all points in Uθ and hence Rα,β is well-defined
at all points in Uθ. Hence Rα,β is well-defined in the open
set ∪θ∈CUθ containing C. Since SC implies MFCQ for convex
problems [29, Proposition 5.39], the functions V0, . . . , Vq , and
β are twice continuously differentiable, and for each θ ∈ C, (6)
satisfies CRC at (θ,Rα,β(θ)), Rα,β is locally Lipschitz on an
open neighborhood of C, invoking [25, Theorem 3.6].

(ii): by assumption, for any θ ∈ Rd, Slater’s condition holds
for (6) and CRC holds at (θ,Rα,β(θ)) for (6). Hence, by [25,
Theorem 3.6], Rα,β is locally Lipschitz at θ.

The local Lipschitzness of Rα,β on a neighborhood of C,
cf. Lemma IV.2(i) (resp., in all of Rd, cf. Lemma IV.2(ii))
ensures (7) is well-defined and has a unique solution for any
initial condition in a neighborhood of C (resp., in all of Rd).
We refer to [30] for other conditions that guarantee local
Lipschitzness of parametric optimization problems such as (6).

B. Equilibria, Forward Invariance, and Stability

Next we establish the equivalence between the equilibrium
points of (7) and the KKT points of (5).

Proposition IV.3. (Equivalence between equilibria and KKT
points): Let (6) be feasible at θ∗ ∈ Rd. If Rα,β(θ∗) = 0, then
θ∗ ∈ C. If MFCQ holds for (5) at θ∗ ∈ Rd, then Rα,β(θ∗) = 0
if and only if θ∗ is a KKT point of (5).

Proof. If (6) is feasible at θ∗ ∈ Rd and Rα,β(θ∗) = 0,
then αVj(θ

∗) + ∇Vj(θ∗)>Rα,β(θ∗) + β(θ∗)
2 ‖Rα,β(θ∗)‖2 =

αVj(θ
∗) ≤ 0, for all j ∈ [q̃], and therefore θ∗ ∈ C. Next,

suppose MFCQ holds for (5) at θ∗ ∈ Rd and Rα,β(θ∗) = 0.
As shown in the proof of Lemma IV.1(i), Slater’s condition
holds for (6). Hence, since Rα,β is the local minimizer, it
satisfies the KKT equations for (6). Enforcing that the solution
is ξ = 0, these read exactly as the KKT equations for (5).
Since MFCQ holds for (5), it follows that θ∗ is a KKT point
of (5). Conversely, if θ∗ is a KKT point of (5), then there
exist a Lagrange multiplier vector u ∈ Rq̃ satisfying the KKT
equations. Since the solution of (6) is unique because the
problem is strongly convex, we conclude Rα,β(θ∗) = 0.

The next result shows that C is forward invariant under (7).
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Proposition IV.4. (Safety of RSGF): Suppose Assumptions 1
and 2 hold. Then, C is forward invariant under (7).

Proof. By Lemma IV.2(i), every solution of (7) with initial
condition in C is unique and well-defined as long as it stays
in a neighborhood of C. Due to the constraints in (6),

∇Vj(θ)>Rα,β(θ) ≤ −αVj(θ)−
β(θ)

2
‖Rα,β(θ)‖2, (9)

and hence j ∈ [q̃],∇Vj(θ)>Rα,β(θ) ≤ 0 whenever Vj(θ) = 0.
The result then follows from Nagumo’s Theorem [31].

The final result of this section characterizes the convergence
properties of (7).

Proposition IV.5. (Convergence of RSGF): Suppose Assump-
tions 1 and 2 hold. Then,

(i) every bounded trajectory of (7) starting in C converges
to the set of KKT points of (5).

(ii) if Assumption 3 holds, then every bounded trajectory
of (7) converges to the set of KKT points of (5).

In either case, if every KKT point is isolated, convergence is
to a point.

Proof. (i): From the proof of Lemma IV.1(i), we have that
Rα,β(θ) satisfies the KKT equations for (6),

uj(θ)
(
αVj(θ)+∇Vj(θ)>Rα,β(θ)+ β(θ)

2 ‖Rα,β(θ)‖2
)

= 0,

uj(θ)≥0, αVj(θ)+∇Vj(θ)>Rα,β(θ)+ β(θ)
2 ‖Rα,β(θ)‖2 ≤ 0.

Hence,

d

dt
V0(θ) = ∇V0(θ)>Rα,β(θ) = (10)

−Rα,β(θ)>
((

1+β(θ)

q∑

j=1

uj(θ)
)
Rα,β(θ)+

q∑

j=1

uj(θ)∇Vj(θ)
)

= −
(
1 + β(θ)

2

q∑

j=1

uj(θ)
)
‖Rα,β(θ)‖2 +

q∑

j=1

αuj(θ)Vj(θ),

where in the second equality we have used (8) and in the third
we have used the KKT equations above. Now, since uj(θ) ≥ 0
for all j ∈ [q], and Vj(θ) ≤ 0 for all j ∈ [q] if θ ∈ C, we
deduce that d

dtV0(θ) ≤ 0 for all θ ∈ C, with equality if and
only if θ is a KKT point of (5) by Proposition IV.3. The fact
that all bounded trajectories converge to the set of KKT points
follows then from [32, Proposition 5.3] using V0 as a LaSalle
function. Convergence to a point when the KKT points are
isolated follows from [32, Corollary 5.2].

(ii): Let ε > 0 and define Vε∗ : Rd → R,

Vε∗(θ) = V0(θ) +
1

ε∗

q∑

j=1

[Vj(θ)]+.

From [33, Proposition 3], Vε∗ is directionally differentiable
and its directional derivative in the direction ξ ∈ Rn is

V ′ε∗(θ; ξ) = ∇V0(θ)>ξ +
1

ε∗

∑

j∈I+(θ)

∇Vj(θ)>ξ

+
1

ε∗

∑

j∈I0(θ)

[∇Vj(θ)>ξ]+, (11)

where I0(θ) and I+(θ) correspond to the optimization prob-
lem (5). From the KKT equations above, we have that
∇Vj(θ)>Rα,β(θ) ≤ −αVj(θ) for all j ∈ [q]. Using (10)
in (11) for ξ = Rα,β(θ), we have

V ′ε∗(θ;Rα,β(θ)) ≤ −
(
1 + β(θ)

2

q∑

j=1

uj(θ)
)
‖Rα,β(θ)‖2

+

q∑

j=1

αuj(θ)Vj(θ)−
1

ε∗

∑

j∈I+(θ)

αVj(θ).

Now, by an argument analogous to [26, Lemma D.1], for any
compact set Ω, there exists BΩ > 0 such that uj(θ) ≤ BΩ

for all j ∈ [q̃] and θ ∈ Ω. Then, for ε∗ ∈ (0, 1
BΩ

), and since
uj(θ)Vj(θ) ≤ 0 for all j ∈ I0(θ) ∪ I−(θ), we have

V ′ε∗(θ;Rα,β(θ))≤−
(
1 + β(θ)

2

q∑

j=1

uj(θ)
)
‖Rα,β(θ)‖2≤0,

for all θ ∈ Ω, where the last inequality is an equality if and
only if θ is a KKT point of (5) (cf. Proposition IV.3). Now
the fact that all bounded trajectories in Ω converge to the set
of KKT points of (5) follows from [32, Proposition 5.3] using
Vε∗ as a LaSalle function. Convergence to a point when the
KKT points are isolated follows from [32, Corollary 5.2].

Remark IV.6. (Boundedness of trajectories): Regarding
Proposition IV.5(i), note that all trajectories of (7) starting in
C remain in it by Proposition IV.4, and hence are bounded
if this set is compact. Regarding Proposition IV.5(ii), if there
is i∗ ∈ [q̃] and c such that Γ = {θ ∈ Rd : Vi∗(θ) ≤ c} is
compact, note that (9) implies that this set is forward invariant
under (7). Therefore, all trajectories of (7) starting in Γ are
bounded. In particular, this holds if Vi∗ is radially unbounded,
since all its sublevel sets are compact. •
Remark IV.7. (Robustness to error): The introduction of the
strictly positive term β in the definition (6) strengthens the
robustness against errors and disturbances of the robust safe
gradient flow (as compared, for instance, with the safe gradient
flow [26], which corresponds to β ≡ 0). An indication of
this fact can be observed, for instance, in the contributions
of the β term to the decrease of the LaSalle functions in the
proof of Proposition IV.5. We quantify more precisely this
robustness to model errors in Section VI and exploit it to
handle imperfect knowledge of the functions {Vj}q̃j=0 and their
gradients {∇Vj}q̃j=0 in the algorithm implementation. •
Remark IV.8. (Discretization): We note that the forward-
Euler discretization of (7) is equivalent to the discrete-time
dynamics introduced in [1]. This follows by performing a
change of variables (ξ = y−θ

h in the optimization problem
(2) in [1], with the variables y and h as defined therein). This
discrete-time dynamics is a special case of the Moving Balls
Algorithm (MBA) [34]. Both [1] and [34] study the safety and
convergence properties of the discrete-time dynamics directly,
instead of their continuous-time counterpart (7), as we have
done here. We leverage the latter in what follows using the
theory of stochastic approximation [19], [20]. •
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V. ROBUST SAFE GRADIENT FLOW-BASED
REINFORCEMENT LEARNING

In this section, we introduce our algorithmic solution to
Problem 1. Consider the optimization problem (4) defining the
optimal policy for the CMDP M. Instead of dealing directly
with (4), we consider (5) with q̃ = q + 1, and include the
additional function Vq+1(θ) = ‖θ‖2 − C, where C > 0 is a
design parameter. As we justify later, this has the effect of
keeping the iterates of the algorithm bounded.

Given α > 0 and β : Rd → R>0, let Rα,β : Rd → Rd be
defined by (6). To solve Problem 1, consider the forward-Euler
discretization of the RSGF (7),

θi+1 = θi + hiRα,β(θi), (12)

where {hi}i∈Z>0 is a sequence of stepsizes. Note that, since
closed-from expressions for the value functions V0, . . . , Vq
are not readily available, one cannot directly implement this
iteration. Instead, our strategy consists of relying on the
robustness properties of (12), when viewed as a discrete-time
dynamical system, and employing estimates of V1, . . . , Vq , and
∇V0, . . . ,∇Vq constructed with episodic data, as detailed next
(note that Vq+1 and ∇Vq+1 are known).

Episodic data available: Let Λ be a given set of policies for
M and I0 a batch of episodes obtained offline with policies
from Λ. Formally,

I0 = {[sn0 , an0 , sn1 , an1 , . . . , snT , anT , snT+1]}n∈[Nζ ],ζ∈Λ,

where Nζ is the number of episodes obtained with policy ζ.
Given i ∈ Z>0, let Ii be the collection of episodes at iteration
i obtained using policy πθi (with Ni = |Ii| its number).

At iteration i, we construct the estimates of the value
functions and their gradients using episodes from ∪ij=0Ij as
follows. Although one could potentially use all such episodes,
for flexibility we assume that we only use a subset Ji ⊂
∪ij=0Ij . We enumerate the episodes in Ji as

Ji = {[sn0 , an0 , sn1 , an1 , . . . , snT , anT , snT+1]}|Ji|n=1.

For each n ∈ [|Ji|], we denote by ζn the policy utilized to
obtain the corresponding episode.

Assumption 4. There exists ν > 0 such that, for any a ∈ A,
s ∈ S, θ ∈ Rd and ζ ∈ Λ, we have πθ(a|s) > ν, ζ(a|s) > ν.

Assumption 4 is standard in the context of importance-
sampling methods in RL [35], [36]. For any given state,
it requires that any action has a positive probability lower
bounded by ν for any policy in the parametric family {πθ} as
well as in Λ.

Estimates of value functions and their gradients: For each
j ∈ [q]∪{0}, we consider the following estimate of the value
function at iteration i,

V̂j(θi) =

σj
|Ji|

( |Ji|∑

n=1

T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

T∑

t=0

γtRj(s
n
t , a

n
t , s

n
t+1)

)
, (13)

where σ0 = −1, and σj = 1 for j ∈ [q]. Under Assumption 4,
V̂j(θi) is well defined, because the denominator in the ratio
πθi (a

n
t |s

n
t )

ζn(ant |snt ) is strictly positive.

For any a ∈ A and s ∈ S , define χa,s : Rd → R as
χa,s(θ) = log πθ(a|s). Note that χa,s is well-defined for all
θ ∈ Rd under Assumption 4. Let b : S → R be a baseline
function whose absolute value is bounded by B̂ > 0. For
each j ∈ [q]∪{0}, we consider the following estimates of the
gradients of the value functions at iteration i,

∇̂Vj(θi) =

σj
|Ji|

( |Ji|∑

n=1

T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

T∑

t=0

γt∇χant ,snt (θi)D
n
j,t

)
. (14a)

where

Dn
j,t =

T∑

t′=t

γt
′−tRj(s

n
t′ , a

n
t′ , s

n
t′+1)−b(snt ). (14b)

Under Assumption 4, ∇̂Vj(θi) is well defined. Given these
estimates, we define an approximated version of (6) as follows:

R̂α,β(θ) = arg min
ξ∈Rd

1

2
‖ξ + ∇̂V0(θ)‖2 (15a)

s.t. αV̂j(θ)+∇̂V j(θ)>ξ+
β(θ)

2
‖ξ‖2 ≤ 0, j ∈ [q], (15b)

αVq+1(θ)+∇Vq+1(θ)>ξ+
β(θ)

2
‖ξ‖2 ≤ 0. (15c)

Note that this can be computed with the episodic data
available to the agent.

Algorithm 1 presents the pseudocode for our proposal to
solve Problem 1. We refer to it as Robust Safe Gradient Flow-
based Reinforcement Learning (RSGF-RL).

Algorithm 1 RSGF-RL

1: Parameters: α, β, k, m, {hi}ki=1 T , γ, I0, {Ni}ki=1

2: Initial Policy Parameter: θ1

3: for i ∈ [k] do
4: Generate Ni episodes of length T + 1 using πθi
5: Select the set Ji of episodes at iteration i
6: Compute estimates {V̂j(θi)}qj=0 using (13)
7: Compute estimates {∇̂Vj(θi)}qj=0 using (14)
8: Update policy according to

θi+1 = θi + hiR̂α,β(θi) (16)

9: end for
10: return θk+1

In Algorithm 1, we do not detail a specific scheme to select
the sets of episodes Ji from the available ones in ∪ij=0Ij .
Instead, in what follows, we study the properties of RSGF-RL
for arbitrary sets Ji and provide conditions on these sets that
guarantee a desired level of algorithmic performance.

VI. ANYTIME SAFETY AND CONVERGENCE GUARANTEES
OF RSGF-RL

In this section we present our technical analysis of RSGF-
RL. We start by establishing different statistical properties of
the value function and gradient estimates, and then character-
ize the safety and convergence properties of RSGF-RL.
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A. Statistical Properties of Estimates

Here, we establish the statistical properties of the esti-
mates (13) and (14) of the value functions and their gradients,
resp. In our analysis, we make the following assumptions.

Assumption 5. (Boundedness of reward functions): For each
j ∈ [q]∪{0}, there exist Bj > 0 such that |Rj(s, a, s′)| < Bj ,
for all s ∈ S, a ∈ A, and s′ ∈ S.

Assumption 6. (Differentiability and Lipschitzness of policy):
The function χa,s is continuously differentiable and there exist
L > 0 and B̃ > 0 such that

‖∇χa,s(θ)−∇χa,s(θ̄)‖ ≤ L‖θ − θ̄‖,
∀θ, θ̄ ∈ Rd, a ∈ A, s ∈ S,

‖∇χa,s(θ)(l)‖ ≤ B̃, ∀θ ∈ Rd, l ∈ [d], a ∈ A, s ∈ S.
Assumptions 5 and 6 are standard in the literature, cf. [28],

[37]. By the Policy Gradient Theorem [22, Section 13.2],
under Assumption 6, the functions {Vj}qj=0 in (4) are differen-
tiable. Moreover, Lemma A.1 ensures that, for all j ∈ {0}∪[q],
∇Vj is globally Lipschitz on Rd (we denote by Lj its Lipschitz
constant). Additionally, we let Lq+1 = 2

√
C be the Lipschitz

constant of Vq+1 on Θ = {θ ∈ Rd : ‖θ‖2 ≤ C}.
In what follows, all expectations, variances, and probabil-

ities are taken with respect to s0 ∼ η, ant ∼ ζn(·|snt ), for
t ∈ [T ], and n ∈ [|Ji|]. We next characterize the mean,
variance, and tail probabilities of the value function estimates.

Proposition VI.1. (Value function estimates): Suppose As-
sumptions 4 and 5 hold. Let i ∈ Z>0 and assume that Ji
contains N̄i episodes generated with πθi (without loss of
generality, we label them as the first N̄i episodes in Ji). Let

Ñi = |Ji| − N̄i, φj =
Bj(1− γT+1)

1− γ , φ̄j =
Bj(1− γT+1)

(1− γ)νT+1
.

Then, for j ∈ {0} ∪ [q],
(i) E[V̂j(θi)] = Vj(θi) (unbiased function estimates);

(ii) Var[V̂j(θi)] =
N̄iφ

2
j+Ñiφ̄

2
j

|Ji|2 and |V̂j(θi)| ≤ N̄iφj+Ñiφ̄j
|Ji| ;

(iii) P(|V̂j(θi)−Vj(θi)| ≤ ε) ≥ 1− 2 exp
(
− ε2|Ji|2

2N̄iφ2
j+2Ñiφ̄2

j

)
.

Further assume that χa,s is globally Lipschitz, uniformly in
a, s, i.e., there exists L̃ > 0 such that

|χa,s(θ)− χa,s(θ′)| ≤ L̃‖θ − θ′‖, (17)

for all θ, θ′ ∈ Rd, a ∈ A, and s ∈ S , and that the policies
in Λ belong to {πθ}. Let {θ̄n}|Ji|n=1 denote the parameters that
describe all the policies in Ji and define φ̃i,j,n = φj exp((T+
1)L̃‖θi − θ̄n‖). Then,

(iv) Var[V̂j(θi)] ≤
∑|Ji|
n=1 φ̃

2
i,j,n

|Ji|2 and |V̂j(θi)| ≤
∑|Ji|
n=1 φ̃i,j,n
|Ji| ;

(v) P(|V̂j(θi)− Vj(θi)| ≤ ε) ≥ 1− 2 exp
(
− ε2|Ji|2

2
∑|Ji|
n=1 φ̃

2
i,j,n

)
.

Proof. (i): Let dΩ =
∏|Ji|
n=1 ds

n
T+1

∏T
t=0 ds

n
t da

n
t , where dsnt

and dant are the differential elements associated with the
variables snt and ant , respectively. Define, for j ∈ {0} ∪ [q],

Ej,n =

T∑

t′=0

γtRj(s
n
t , a

n
t , s

n
t+1), Γ = S |Ji|(T+2) ×A|Ji|(T+1),

Using (13), we have

E[V̂j(θi)] =
σj
|Ji|

∫

Γ

(
η(s0)

N̄i∑

n=1

T∏

t=0

πθi(a
n
t |snt )Ej,n

+ η(s0)

|Ji|∑

n=N̄i+1

T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )
Ej,nζn(ant |snt )

)
dΩ

=
1

N̄i + Ñi
(N̄iVj(θi) + ÑiVj(θi)) = Vj(θi).

(ii): By Assumption 4, ζn(ant |snt ) > ν for all n ∈ [|Ji|] and
t ∈ [T ]. This implies that, for each n ∈ [N̄i : |Ji|],
∣∣∣∣
T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

( T∑

t=0

γtRj(s
n
t , a

n
t , s

n
t+1)

)∣∣∣∣

≤ Bj
1− γT+1

1− γ
1

νT+1
= φ̄j (18)

By Popovicius’ inequality [38, Corollary 1], we have

Var

[ T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

( T∑

t=0

γtRj(s
n
t , a

n
t , s

n
t+1)

)]
≤ φ̄2

j .

Since the random variables
{ T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

( T∑

t=0

γtRj(s
n
t , a

n
t , s

n
t+1)

)}

n∈[N̄i:|Ji|]

are independent, it follows that

Var

[ |Ji|∑

n=N̄i+1

T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

( T∑

t=0

γtRj(s
n
t , a

n
t , s

n
t+1)

)]
≤Ñiφ̄2

j .

On the other hand, note that
∣∣∣∣
T∑

t=0

γtRj(s
n
t , a

n
t , s

n
t+1)

∣∣∣∣ ≤ Bj
1− γT+1

1− γ = φj . (19)

By Popovicius’ inequality [38, Corollary 1],

Var

[ N̄i∑

n̄=1

T∑

t=0

γtRj(s
n
t , a

n
t , s

n
t+1)

]
≤ N̄iφ2

j ,

from where the bound on the variance follows. Note also
that (18) and (19) imply that V̂j(θi) is uniformly upper
bounded by N̄iφj+Ñiφ̄j

|Ji| .
(iii): This follows from Hoeffding’s inequality [39] us-

ing (18) and (19).
(iv): Under (17), we have

πθ(a|s)
πθ′(a|s)

≤ exp
(
L̃‖θ − θ′‖

)
,

for any θ, θ′ ∈ Rd. Therefore,

∣∣∣∣
T∏

t=0

πθi(a
n
t |snt )

πθ̄n(ant |snt )

( T∑

t=0

γtRj(s
n
t , a

n
t , s

n
t+1)

)∣∣∣∣

≤ Bj
1− γT+1

1− γ exp((T + 1)L̃‖θi − θ̄n‖) = φ̃i,j,n. (20)
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By Popovicius’ inequality [38, Corollary 1], this implies

Var

[ T∏

t=0

πθi(a
n
t |snt )

πθ̄n(ant |snt )

( T∑

t=0

γtRj(s
n
t , a

n
t , s

n
t+1)

)]
≤ φ̃2

i,j,n.

The result now follows by noting that the random variables

{ T∏

t=0

πθi(a
n
t |snt )

πθ̄n(ant |snt )

( T∑

t=0

γtRj(s
n
t , a

n
t , s

n
t+1)

)}

n∈[|Ji|]

are independent. Note also that (20) implies that V̂j(θi) is

uniformly upper bounded by
∑|Ji|
n=1 φ̃i,j,n
|Ji| .

(v): This follows from Hoeffding’s inequality [39] us-
ing (20).

In Proposition VI.1, the bounds in (iv) and (v) derived under
the additional assumption (17) are tighter than the ones in (ii)
and (iii). This is because φ̃i,j,n, which appears in (iv) and (v),
depends on the difference between the policy parameters θ̄n
and θi, so it takes advantage of their proximity. Instead, φ̄j ,
which appears in (ii) and (iii), is insensitive to this proximity.
We next study the statistical properties of the gradients.

Proposition VI.2. (Gradient of value function estimates):
Suppose Assumptions 4, 5, and 6 hold. Let i ∈ Z>0, N̄i and
Ñi as in Proposition VI.1, and

ψj = B̃

T∑

t=0

γt
T∑

t′=t

(γt
′−tBj + B̂),

ψ̄j =
B̃

νT+1

T∑

t=0

γt
T∑

t′=t

(γt
′−tBj + B̂).

Then, for j ∈ {0} ∪ [q]

(i) E[∇̂V j(θi)] = ∇Vj(θi) (unbiased gradient estimates);

(ii) Var[∇̂V j(θi)(l)] =
N̄iψ

2
j+Ñiψ̄

2
j

|Ji|2 and |∇̂V j(θi)(l)| ≤
N̄iψj+Ñiψ̄j
|Ji| , for all l ∈ [d];

(iii) P
(
‖∇̂V j(θi) − ∇Vj(θi)‖ ≤ ε

)
≥ 1 − 2d exp

(
−

ε2|Ji|2

2d(N̄iψ2
j+Ñiψ̄2

j )

)
.

Further assume that χa,s is globally Lipschitz, uniformly in
a, s, i.e., (17) holds, and that the policies in Λ belong to
{πθ}. Let {θ̄n}|Ji|n=1 denote the parameters that describe all the
policies in Ji and define ψ̃i,j,n = exp((T + 1)L̃‖θi− θ̄n‖)ψj .
Then,

(iv) Var[∇̂V j(θi)(l)] ≤
∑|Ji|
n=1 ψ̃

2
i,j,n

|Ji|2 and |∇̂Vj(θi)(l)| ≤∑|Ji|
n=1 ψ̃i,j,n
|Ji| , for all l ∈ [d];

(v) P
(
‖∇̂V j(θi) − ∇Vj(θi)‖ ≤ ε

)
≥ 1 − 2d exp

(
−

ε2|Ji|2

2
∑|Ji|
n=1 ψ̃

2
i,j,n

)
.

Proof. (i): Let j ∈ [q] ∪ {0}. With the notation of (14), by
the Policy Gradient Theorem with baseline (cf. [22, Section
13.4]), for each n ∈ [N̄i], we have

E
[
σj

T∑

t=0

γt∇χant ,snt (θi)D
n
j,t

]
= ∇Vj(θi).

On the other hand, for n ∈ [N̄i : |Ji|],

E

[
σj

T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

T∑

t=0

γt∇χant ,snt (θi)D
n
j,t

]
=

∫

Γ

σj

T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

T∑

t=0

γt∇χant ,snt (θi)D
n
j,tζn(ant |snt )dΩ

=

∫

Γ

σjη(s0)

T∏

t=0

πθi(a
n
t |snt )

T∑

t=0

γt∇χant ,snt (θi)D
n
j,tdΩ

= ∇Vj(θi),
where dΩ and Γ are defined as in the proof of Proposition VI.1,
and for the last equality we have also used the Policy Gradient
Theorem with baseline (cf. [22, Section 13.4]). Therefore,

E[∇̂V j(θi)]=
N̄i

N̄i + Ñi
∇Vj(θi)+

Ñi

N̄i + Ñi
∇Vj(θi)=∇Vj(θi).

(ii): Note that for each l ∈ [d],

∣∣∣σj
T∑

t=0

γt∇χant ,snt (θi)
(l)

T∑

t′=t

(
γt
′−tRj(s

n
t′ , a

n
t′ , s

n
t′+1)−b(snt )

)∣∣∣

≤ B̃
T∑

t=0

γt
T∑

t′=t

(
γt
′−tBj + B̂

)
= ψj . (21)

By Popovicius’ inequality [38, Corollary 1], this implies

Var
[
σj

T∑

t=0

γt∇χant ,snt (θi)
(l)Dn

j,t

]
≤ ψ2

j ,

for n ∈ [N̄i]. On the other hand, for n ∈ [N̄i : |Ji|],
∣∣∣∣σj

T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

T∑

t=0

γt∇χant ,snt (θi)
(l)Dn

j,t

∣∣∣∣ ≤

B̃

νT+1

T∑

t=0

γt
T∑

t′=t

(
γt
′−tBj + B̂

)
= ψ̄j . (22)

Again, by Popoviciu’s inequality [38, Corollary 1],

Var

[
σj

T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

T∑

t=0

γt
∂

∂θ(l)
χant ,snt (θi)D

n
j,t

]
≤ ψ̄2

j ,

for n ∈ [N̄i : |Ji|]. Since the random variables
{
σj

T∏

t=0

πθi(a
n
t |snt )

ζn(ant |snt )

T∑

t=0

γt∇χant ,snt (θi)
(l)Dn

j,t

}

n∈[|Ji|]

are independent, it follows that

Var[∇̂Vj(θi)(l)] ≤
N̄iψ

2
j + Ñiψ̄

2
j

|Ji|2
, ∀l ∈ [d].

Note also that (21) and (22) imply that ∇̂Vj(θi)(l) is uniformly
upper bounded by N̄iψj+Ñiψ̄j

|Ji| .
(iii): From Hoeffding’s inequality, using (21), (22), for any

ε > 0 and l ∈ [d],

P
(∣∣∣∇̂Vj(θi)(l) −∇Vj(θi)(l)

∣∣∣ ≤ ε√
d

)
≥
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1−2 exp
{
− ε2|Ji|2

2d(N̄iψ2
j + 2Ñiψ̄2

j )

}
.

Now, note that if |∇̂Vj(θi)(l) −∇Vj(θi)(l)| ≤ ε√
d

for all l ∈
[d], then ‖∇̂Vj(θi)−∇Vj(θi)‖ ≤ ε, which means that

P
(
‖∇̂Vq(θi)−∇Vq(θi)‖ ≤ ε

)

≥ P
( d⋂

l=1

{
|∇̂Vq(θi)(l) −∇Vq(θi)(l)| ≤ ε√

d

})
.

Using Fréchet’s Inequality [40],

P
( d⋂

l=1

{
|∇̂Vq(θi)(l) −∇Vq(θi)(l)| ≤ ε√

d

})
≥

1− 2d exp
{
− ε2|Ji|2

2d(N̄iψ2
j + Ñiψ̄2

j )

}
,

and the result follows.
(iv): Under (17), for each n ∈ [|Ji|],

∣∣∣∣σj
T∏

t=0

πθi(a
n
t |snt )

πθ̄n(ant |snt )

T∑

t=0

γt
∂

∂θ(l)
χant ,snt (θi)D

n
j,t

∣∣∣∣ ≤ (23)

B̃ exp
{

(T + 1)L̃‖θi − θ̄n‖
} T∑

t=0

γt
T∑

t′=t

(
γt
′−tBj + B̂

)
= ψ̃i,j,n.

The argument is analogous to the one used in (ii). Note (23)

implies ∇̂Vj(θi)(l) is uniformly upper bounded by
∑|Ji|
n=1 ψ̃i,j,n
|Ji| .

(v): This follows analogously to item (iii) by using (23).

Propositions VI.1 and VI.2 characterize the statistical prop-
erties of the estimates of the value functions and their gradi-
ents, generalizing to the on/off-policy case our previous result
in [1, Lemma 2], which was limited to the on-policy case.
These results show that, by increasing the number of episodes
(either on-policy or off-policy) used, the distribution of the
estimates of the value functions and their gradients concen-
trates around their true values, with the rate of concentration
depending on the constants defined in Assumptions 4, 5, 6.

Remark VI.3. (Assumption on global Lipschitzness): As-
sumption (17) is standard in the literature (cf. [28, Assumption
3.1]). We note that, if the parameterized policy πθ is globally
Lipschitz uniformly in a and s, then (17) is satisfied. Indeed,
using the Mean Value Theorem [41, Theorem 5.10], and under
Assumption 4, we deduce

| log πθ(a|s)− log πθ′(a|s)| ≤
1

p∗
|πθ(a|s)− πθ′(a|s)|,

for some p∗ ∈ [πθ(a|s), πθ′(a|s)]. Note that such p∗ is strictly
positive because of Assumption 4. Hence, if πθ is globally
Lipschitz uniformly in a and s, it follows that (17) is satisfied.
This is the case for truncated Gaussian policies with compact
state and action spaces (cf. [42, Section 6], [1, Section 5]). •

B. Safety Guarantees

In this section we study the safety guarantees of RSGF-RL.

Theorem VI.4. (Safety guarantees): Suppose Assump-
tions 4, 5, and 6 hold. Let i ∈ Z>0, N̄i, Ñi, φj , and φ̄j
as in Proposition VI.1, and ψj , ψ̄j as in Proposition VI.2.
Suppose (15) is feasible at θi ∈ Rd and the stepsize satisfies

hi < min
{ 1

α
,
β(θi)

L1
, . . . ,

β(θi)

Lq
,
β(θi)

Lq+1

}
. (24)

For j ∈ [q], define

M̂i,j =
−(1− αhi)V̂j(θi) + hi

2 (β(θi)− Ljhi)‖R̂α,β(θi)‖2
1 + hi‖R̂α,β(θi)‖

.

Then, for any δ ∈ (0, 1), under (16)
(i) if V̂j(θi) ≤ 0 and

|Ji|2
N̄iφ2

j + Ñiφ̄2
j

≥ − 2

M̂2
i,j

log
δ

2
, (25a)

|Ji|2
N̄iψ2

j + Ñiψ̄2
j

≥ − 2d

M̂2
i,j

log
δ

2d
, (25b)

then P(Vj(θi+1) ≤ 0) ≥ 1− 2δ;
(ii) if V̂j(θi) > 0 is such that M̂i,j > 0, and (25) holds,

then, P(Vj(θi+1) ≤ 0) ≥ 1− 2δ;
(iii) if for each j ∈ [q] such that V̂j(θi) > 0, it holds

that M̂i,j > 0, and (25) holds for all j ∈ [q], then
P(Vj(θi+1) ≤ 0, ∀j ∈ [q]) ≥ 1− 2qδ;

(iv) if Vq+1(θi) ≤ 0, then Vq+1(θi+1) ≤ 0.

Proof. (i): Since ∇Vj is Lipschitz with Lipschitz constant Lj ,
cf. Lemma A.1, we invoke [43, Lemma 1.2.3] to deduce

Vj(θi+1)≤Vj(θi)+∇Vj(θ)>(θi+1 − θi)+
Lj
2
‖θi+1 − θi‖2.

(26)

This implies, using the Cauchy-Schwartz inequality, that

Vj(θi+1) ≤ Vj(θi)− V̂j(θi) + V̂j(θi)+

‖∇Vj(θi)− ∇̂V j(θi)‖‖θi+1 − θi‖+

∇̂V j(θi)>(θi+1 − θi) +
Lj
2
‖θi+1 − θi‖2. (27)

Since θi+1 = θi + hiR̂α,β(θi), and by using the constraints
in (15), inequality (27) implies

Vj(θi+1) ≤ Vj(θi)− V̂j(θi) + (1− αhi)V̂j(θi)+
‖∇Vj(θi)− ∇̂V j(θi)‖hiRα,β(θi)

− hi
2

(β(θi)− Ljhi)‖Rα,β(θi)‖2. (28)

Note that (24), together with the fact that V̂j(θi) ≤ 0, implies
that M̂i,j > 0. Now, by Proposition VI.1(iii), if |Ji|2

N̄iφ2
j+Ñiφ̄

2
j

≥
− 2
M̂2
i,j

log δ
2 , then P(|V̂j(θi) − Vj(θi)| ≤ M̂i,j) ≥ 1 − δ.

On the other hand, by Proposition VI.2(iii), if |Ji|2

N̄iψ2
j+Ñiψ̄2

j

≥
− 2d
M̂2
i,j

log δ
2d , then P(‖∇̂V j(θi)−∇Vj(θi)‖ ≤ M̂i,j) ≥ 1−δ.

Using (28) and the definition of M̂i,j , we deduce that, if
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|V̂j(θi)− Vj(θi)| ≤ M̂i,j and ‖∇̂V j(θi)−∇Vj(θi)‖ ≤ M̂i,j ,
then Vj(θi+1) ≤ 0. Now, the result follows by Fréchet’s
inequality [40].

(ii): if M̂i,j > 0, |V̂j(θi)−Vj(θi)| ≤ M̂i,j , and ‖∇̂V j(θi)−
∇Vj(θi)‖ ≤ M̂i,j , then Vj(θi+1) ≤ 0, even if V̂j(θi) ≥ 0. The
result follows by using a similar argument to (i).

(iii): this follows from (i), (ii), and Fréchet’s inequality [40].
(iv): this follows from employing (15c) in (26), combined

with the hypothesis that Vq+1(θi) ≤ 0.

Theorem VI.4(i) shows that if the number of episodes
utilized to estimate Vj(θi) is sufficiently large and V̂j(θi) ≤ 0
(i.e., we estimate that the j-th safety constraint is satisfied
at iteration i), then the next iterate of RSGF-RL satisfies
the j-th safety constraint with arbitrarily high probability.
Similarly, Theorem VI.4(ii) provides such guarantees when
V̂j(θi) ≥ 0 (i.e., we estimate that the j-th safety constraint is
not satisfied at iteration i). We note that M̂i,j > 0 holds when
V̂j(θi) ≤ 0 and ‖R̂α,β(θi)‖ is nonzero (which is a reasonable
assumption if θi is away from a KKT point). By continuity,
this suggests that M̂i,j > 0 is also satisfied in a neighborhood
of {θ ∈ Rd : V̂j(θ) ≤ 0} (again provided that ‖R̂α,β(θi)‖ is
nonzero), and it becomes increasingly more difficult to satisfy
with large V̂j(θi). Intuitively, this means that safety can be
ensured in the next iteration as long as safety violations in the
current iteration are not too extreme.

Remark VI.5. (Feasibility): Since the estimates of the value
functions and their gradients converge to their true values
as the number of episodes increases, cf. Propositions VI.1
and VI.2, the requirement in Theorem VI.4 that (15) is feasible
at θi is satisfied for large enough number of episodes with high
probability under Assumptions 2 and 3, cf. Lemma IV.2. •

We state next a result that provides safety guarantees over a
finite time horizon. Its proof follows from Theorem VI.4 and
Fréchet’s inequality [40]. We omit it for space reasons.

Corollary VI.6. (Safety guarantees over a finite time horizon):
Suppose Assumptions 4, 5 and 6 hold. Let H ∈ Z>0. If, for
each i ∈ [H], the assumptions in Theorem VI.4(iii) hold, then

under (16), P
(H+1⋂
i=1

{Vj(θi) ≤ 0, ∀j ∈ [q]}
)
≥ 1− 2qHδ.

Corollary VI.6 provides conditions under which consecutive
iterates of RSGF-RL probabilistically satisfy the constraints.
Since δ is a design parameter, this guarantee can be ensured
with arbitrarily high probability. Smaller values of δ, however,
require a larger number of episodes, as reflected in (25).

C. Convergence Guarantees

Here we provide convergence guarantees for RSGF-RL.

Theorem VI.7. (Almost sure convergence): Suppose Assump-
tions 1, 2, 4, 5, 6 hold. Further suppose that:

(i) Vq+1(θ0) ≤ 0;
(ii) for all θ ∈ Θ\C, Slater’s condition holds for (6) and

CRC holds for (6) at (θ,Rα,β(θ));
(iii) (15) is feasible for all i ∈ Z>0;
(iv) lim

i→∞
‖Rα,β(θi)− R̂α,β(θi)‖ = 0 with probability one;

(v) lim
i→∞

hi = 0,
∑∞
i=1 hi =∞;

Then, under (16), the sequence {θi}i∈Z>0 converges to the set
of KKT points of (4) in Θ almost surely.

Proof. Our proof proceeds by verifying that the hypotheses
required by [19, Theorem 2.3.1] hold and then invoking this
result. First, note that {θi}i∈Z>0 is bounded with probability
one. Indeed, since Vq+1(θ0) ≤ 0 by (i), it follows from (iii)
and Theorem VI.4(iv) that Vq+1(θi) ≤ 0 for all i ∈ Z>0. This
guarantees that ‖θi‖ ≤

√
C for all i ∈ Z>0. Second, Rα,β

is continuous on Θ. Indeed, Rα,β is locally Lipschitz on C
by Lemma IV.2 and, since for all θ ∈ Θ\C, Slater’s condition
holds for (6) and CRC holds for (6) at (θ,Rα,β(θ)), cf. (ii),
a similar argument to the one in the proof of Lemma IV.2
guarantees that Rα,β is locally Lipschitz on Θ\C. Third, the
set of KKT points of (4) in Θ is globally asymptotically stable
in Θ by an argument analogous to that of Proposition IV.5(ii).
Furthermore, we write the dynamics as

θi+1 = θi + hiRα,β(θi) + hi(R̂α,β(θi)−Rα,β(θi)).

Note that the noise sequence R̂α,β(θi)−Rα,β(θi) is asymptot-
ically vanishing with probability one, cf. (iv) and the stepsize
sequence satisfies lim

i→∞
hi = 0,

∑∞
i=1 hi =∞, cf. (v). Finally,

taking the sequence {ξn} in the notation of [19, Theorem
2.3.1] equal to zero, we conclude that the sequence {θi}i∈Z>0

converges to the set of KKT points in Θ almost surely.

Remark VI.8. (Assumptions in Theorem VI.7): Require-
ment (i) on the initial policy estimate and (ii) on constraint
qualification conditions are reasonable, given our discussion
above. The feasibility requirement in (iii) follows in the setting
considered in Remark VI.5. Regarding requirement (iv), we
note that, by the same argument as in Lemma IV.2, the function
ξ̂ : Rd(2q̃+1)+1 → Rd defined as

ξ̂({Aj}q̃j=1, {Bj}q̃j=0, C) = arg min
ξ∈Rd
‖ξ +B0‖2 (29)

s.t. Aj +B>j ξ +
C

2
‖ξ‖2 ≤ 0, j ∈ [q̃],

is locally Lipschitz. This means that small perturbations in
{∇Vj}q̃j=1 and {Vj}q̃j=1 (like the ones obtained from using
estimates of such quantities) result in small perturbations
in Rα,β . In particular, this implies that, for ε̄ > 0, there
exists δ̄ such that, if ‖∇̂Vj(θ) − ∇Vj(θ)‖ < δ̄ for all
j ∈ [q] ∪ {0} and ‖V̂j(θ) − Vj(θ)‖ < δ̄ for all j ∈ [q],
then ‖R̂α,β(θ) − Rα,β(θ)‖ < ε̄. Since the estimates of the
value functions and their gradients become arbitrarily close
to their true values if a sufficiently large number of episodes
is used (cf. Propositions VI.1 and VI.2), this means that the
condition lim

i→∞
‖Rα,β(θi) − R̂α,β(θi)‖ = 0 is satisfied if

the number of episodes used to create the estimates of the
value functions and their gradients increases as the number of
iterations increases. Finally, an example of a stepsize sequence
verifying (v) is hi = 1

i . •
The following result complements the almost sure conver-

gence established in Theorem VI.7 by providing a bound on
the number of iterations required to converge to a neighbor-
hood of a KKT point. This finite iteration convergence result
is based on ideas from [28, Theorem 4.3].
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Theorem VI.9. (Finite iteration convergence): Suppose As-
sumptions 4, 5, 6 hold and that (15) is feasible at every
{θi}i∈Z≥0

. Let h0 = 1
α and hi = 1

α
√
i

for i ∈ Z>0, and
assume that for each θ ∈ Θ, Slater’s condition holds for (15).
Let ˆ̀ > 0 be such that ‖R̂α,β(θ)‖ ≤ ˆ̀ for all θ ∈ Θ and
BL > 0 such that ûj(θ) ≤ BL for all j ∈ [q] and θ ∈ Θ. Let
ε∗ <

1
BL

. For ε > 0, define

Itε = min{i ∈ Z>0 : inf
0≤j≤i

E
[
‖R̂α,β(θj)‖2

]
≤ ε}.

Let ε > 0 and σ̄ > 0 such that Var(∇̂Vj(θi)(l)) ≤ σ̄ for all
i ∈ [Itε], j ∈ {0} ∪ [q], and l ∈ [d], ‖R̂α,β(θ0)‖2 > ε, and
ε > 3

2
ˆ̀̄σ( qε∗ + 1). Then, there exists κ > 0 such that

Itε ≤
( κ

ε− 3
2

ˆ̀̄σ( qε∗ + 1)

)2

.

Proof. First, since Slater’s condition holds for (15), R̂α,β is
continuous on Θ [44, Theorem 5.3], and since Θ is compact,
ˆ̀ as in the statement exists. Using (26), we deduce

Vj(θi+1) ≤ Vj(θi) + (∇Vj(θi)− ∇̂Vj(θ))>(θi+1 − θi)+

∇̂Vj(θ)>(θi+1 − θi) +
Lj ˆ̀2h2

i

2
, (30)

for all j ∈ {0} ∪ [q]. Define J i+ = {j ∈ [q] : V̂j(θi) ≥ 0}.
Let ε∗ > 0 as in the statement and define V iε∗ = V̂0(θi) +
1
ε∗

∑
j∈Ji+

V̂j(θi). Equivalently, we write

V i+1
ε∗ = V̂0(θi+1)− V0(θi+1) +

1

ε∗

∑

j∈Ji+1
+

(
V̂j(θi+1)− Vj(θi+1)

)

+ V0(θi+1) +
1

ε∗

∑

j∈Ji+1
+

Vj(θi+1)

Using (30), we have

V i+1
ε∗ ≤ V̂0(θi+1)− V0(θi+1)+

1

ε∗

∑

j∈Ji+1
+

(
V̂j(θi+1)− Vj(θi+1)

)

+ V0(θi) +
1

ε∗

∑

j∈Ji+1
+

Vj(θi)

+ (∇V0(θi)− ∇̂V0(θi))
>(θi+1 − θi)

+
1

ε∗

∑

j∈Ji+1
+

(∇Vj(θi)− ∇̂Vj(θi))>(θi+1 − θi)

+ ∇̂V0(θi)
>(θi+1 − θi) +

1

ε∗

∑

j∈Ji+1
+

∇̂Vj(θi)>(θi+1 − θi)

+

(
L0

2
+

∑q
j=1 Lj

2ε∗

)
ˆ̀h2
i . (31)

Equivalently,

V i+1
ε∗ ≤ V̂0(θi+1)− V0(θi+1)+

1

ε∗

∑

j∈Ji+1
+

(
V̂j(θi+1)− Vj(θi+1)

)

+ V0(θi)− V̂0(θi) +
1

ε∗

∑

j∈Ji+1
+

(Vj(θi)− V̂j(θi))

+ V̂0(θi) +
1

ε∗

∑

j∈Ji+1
+ ∩Ji+

V̂j(θi) +
1

ε∗

∑

j∈Ji+1
+ \Ji+

V̂j(θi)

+ (∇V0(θi)− ∇̂V0(θi))
>(θi+1 − θi)

+
1

ε∗

∑

j∈Ji+1
+

(∇Vj(θi)− ∇̂Vj(θi))>(θi+1 − θi)

+ ∇̂V0(θi)
>(θi+1 − θi) +

1

ε∗

∑

j∈Ji+1
+

∇̂Vj(θi)>(θi+1 − θi)

+

(
L0

2
+

∑q
j=1 Lj

2ε∗

)
ˆ̀h2
i . (32)

Using an argument analogous to the one in the proof of
Proposition IV.5(i) to obtain equation (10), but now with the
estimates and the definition (15) of the approximated RSGF,
one can derive, for all i ∈ Z>0,

∇̂V 0(θi)
>R̂α,β(θi) = −

(
1 +

β(θi)

2

q∑

j=1

ûi(θi)
)
‖R̂α,β(θi)‖2

+

q∑

j=1

αûj(θi)V̂j(θi) ≤ −‖R̂α,β(θi)‖2 +

q∑

j=1

αûj(θi)V̂j(θi),

(33)

where ûj(θ) denotes the Lagrange multiplier associated to
constraint j in (15). Furthermore, from the constraints in (15),

∇̂V j(θi)>R̂α,β(θi) ≤ −αV̂j(θi), (34)

for all j ∈ [q]. Substituting (33) and (34) into (32), we get

V i+1
ε∗ ≤ V̂0(θi+1)−V0(θi+1)+

1

ε∗

∑

j∈Ji+1
+

(
V̂j(θi+1)− Vj(θi+1)

)

+ V0(θi)− V̂0(θi) +
1

ε∗

∑

j∈Ji+1
+

(Vj(θi)− V̂j(θi))

+ V̂0(θi) +
1

ε∗

∑

j∈Ji+1
+ ∩Ji+

V̂j(θi) +
1

ε∗

∑

j∈Ji+1
+ \Ji+

V̂j(θi)

+ (∇V0(θi)− ∇̂V0(θi))
>(θi+1 − θi)

+
1

ε∗

∑

j∈Ji+1
+

(∇Vj(θi)− ∇̂Vj(θi))>(θi+1 − θi)

− hi‖R̂α,β(θi)‖2 +

q∑

j=1

αhiûj(θi)V̂j(θi)

− 1

ε∗

∑

j∈Ji+1
+

αhiV̂j(θi) +

(
L0

2
+

∑q
j=1 Lj

2ε∗

)
ˆ̀h2
i . (35)

Now note that by an argument analogous to that of [26, Lemma
D.1], there exists BL > 0 as in the statement. Since the iterates
{θi}i∈Z>0 remain bounded in Θ, we have ûj(θi) ≤ BL for
all j ∈ [q] and i ∈ Z>0. Since V̂j(θi) ≤ 0 for j /∈ J i+,∑q
j=1 αhiûj(θi)V̂j(θi) ≤

∑
j∈Ji+

αhiûj(θi)V̂j(θi) and using
ε∗ <

1
BL

it follows that

q∑

j=1

αhiûj(θi)V̂j(θi)−
∑

j∈Ji+1
+

αhi
ε∗

V̂j(θi) ≤
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∑

j∈Ji+

αhiûj(θi)V̂j(θi)−
∑

j∈Ji+1
+

αhi
ε∗

V̂j(θi) ≤

∑

j∈Ji+\J
i+1
+

αhiûj(θi)V̂j(θi)−
∑

j∈Ji+1
+ \Ji+

αhi
ε∗

V̂j(θi) ≤

∑

j∈Ji+\J
i+1
+

αhi
ε∗

V̂j(θi)−
∑

j∈Ji+1
+ \Ji+

αhi
ε∗

V̂j(θi). (36)

Using the fact that
∑
j∈Ji+\J

i+1
+

V̂j(θi)
ε∗

+
∑
j∈Ji+∩J

i+1
+

V̂j(θi)
ε∗

=
∑
j∈Ji+

V̂j(θi)
ε∗

along with (36) and αhi < 1, we get

V i+1
ε∗ ≤ V̂0(θi+1)−V0(θi+1) +

1

ε∗

∑

j∈Ji+1
+

(
V̂j(θi+1)− Vj(θi+1)

)

+ V0(θi)− V̂0(θi) +
1

ε∗

∑

j∈Ji+1
+

(Vj(θi)− V̂j(θi))

+ V̂0(θi) +
1

ε∗

∑

j∈Ji+

V̂j(θi)

+ (∇V0(θi)− ∇̂V0(θi))
>(θi+1 − θi)+

1

ε∗

∑

j∈Ji+1
+

(∇Vj(θi)− ∇̂Vj(θi))>(θi+1 − θi)

− hi‖R̂α,β(θi)‖2 +

(
L0

2
+

∑q
j=1 Lj

2ε∗

)
ˆ̀h2
i . (37)

Taking expectations on both sides of (37) with respect to the
σ-algebra generated by ({θj}j∈[Itε], I0, {Jj}j∈[Itε−1]), we get

E[V i+1
ε∗ ] ≤ E[V iε∗ ]− hiE[‖R̂α,β(θi)‖2]

+ E[(∇V0(θi)− ∇̂V0(θi))
>(θi+1 − θi)]

+ E[
1

ε∗

∑

j∈Ji+1
+

(∇Vj(θi)− ∇̂Vj(θi))>(θi+1 − θi)]

+
(L0

2
+

∑q
j=1 Lj

2ε∗

)
ˆ̀h2
i . (38)

Let V∗ be such that V iε∗ ≥ V∗ for all i ∈ Z>0 (note that such
value exists because the value function estimates are uniformly
bounded as shown in Proposition VI.1). Define Ui = V iε∗−V∗
and L∗ = L0

2 +
∑q
j=1 Lj

2ε∗
. Summing (38) for i ∈ {0} ∪ [Itε],

Itε∑

i=0

E
[
‖R̂α,β(θi)‖2

]
≤

Itε∑

i=0

(E[Ui]

hi
− E[Ui+1]

hi

)

+

Itε∑

i=0

L∗ ˆ̀hi +

Itε∑

i=0

E[(θi+1 − θi)>(∇V0(θi)− ∇̂V0(θi))]

hi

+

Itε∑

i=0

∑

j∈Ji+1
+

E[(∇Vj(θi)− ∇̂Vj(θi))>(θi+1 − θi)]
ε∗hi

. (39)

Note that

Itε∑

i=0

(E[Ui]

hi
− E[Ui+1]

hi

)
=

E[U0]

h0
+

Itε∑

i=1

( 1

hi
− 1

hi−1

)
E[Ui]−

E[UItε +1]

hItε

.

Since {Ui}i∈Z>0
is positive and uniformly upper bounded (cf.

Proposition VI.1), by letting Bu be such that |Ui| ≤ Bu for
all i ∈ Z>0, and noting that 1

hi
≥ 1

hi−1
for all i ∈ [Itε],

Itε∑

i=0

(E[Ui]

hi
− E[Ui+1]

hi

)
≤ Bu

h0
+

Itε∑

i=1

( 1

hi
− 1

hi−1

)
Bu=

Bu
hItε

.

On the other hand, by the Cauchy-Schwartz inequality,

E[(θi+1 − θi)>(∇Vj(θi)− ∇̂Vj(θi))] ≤
√
E[‖θi+1 − θi‖2]

√
E[‖∇Vj(θi)− ∇̂Vj(θi)‖2],

for all j ∈ {0} ∪ [q]. Moreover, since ‖R̂α,β(θi)‖ ≤ ˆ̀ for
all i ∈ Z>0, and since max

i∈[Kε]
Var(∇̂Vj(θi)) ≤ σ̄ for all j ∈

{0} ∪ [q], we have from (39) that

1

Itε

Itε∑

i=0

E
[
‖R̂α,β(θi)‖2

]
≤ Bu

Itε hItε

+

∑Itε
i=1 L∗

ˆ̀hi
Itε

+ ˆ̀̄σ
( q
ε∗

+ 1
) Itε +1

Itε
.

Using the fact that
∑Itε
i=1 i

−a ≤ Itε
1−a − 1 (cf. [42, page

31]) for any a ∈ (0, 1), substituting hi = 1
α
√
i
, and using

Itε +1
Itε
≤ 3

2 (because ‖R̂α,β(θ0)‖ > ε), we obtain

1

Itε

Itε∑

i=0

E
[
‖R̂α,β(θi)‖2

]
≤ Buα√

Itε
+
L∗ ˆ̀

α
(

1√
Itε
− 1

Itε
)

+
3

2
ˆ̀̄σ
( q
ε∗

+ 1
)
. (40)

By definition of Itε, E
[
‖R̂α,β(θi)‖2

]
> ε, for all i ∈ {0} ∪

[Itε−1], and therefore from (40) by taking κ = Buα+ L∗ ˆ̀

α ,

ε ≤ 1

Itε

Itε−1∑

i=0

E
[
‖R̂α,β(θi)‖2

]
≤ κ√

Itε
+

3

2
ˆ̀̄σ
( q
ε∗

+ 1
)
,

from where the result follows.

We note the result in Theorem VI.9 ensures the existence
of j ∈ [Itε] such that E[‖R̂α,β(θj)‖2] ≤ ε, but does not imply
that the convergence in expectation of the norm of R̂α,β is
monotonic. This is akin to the convergence results obtained
for policy gradient methods (cf. [28, Theorem 4.3]). We also
point out that the iteration number Itε is defined in terms of
R̂α,β , instead of Rα,β . As justified in Remark VI.8, by using
a sufficiently large number of episodes when estimating the
value functions and their gradients, R̂α,β and Rα,β can be
made arbitrarily close at any point with high probability. This
means that if the estimates of all policies obtained for i ∈ [Itε]
are computed with a sufficiently large number of episodes,
Theorem VI.9 provides a bound for the number of iterations
needed to reach a KKT point with high probability.

Remark VI.10. (Assumptions in Theorem VI.9): The argu-
ment in the proof of Theorem VI.9 is valid for any sequence
hi = i−a

α for a ∈ (0, 1), but by following an argument similar
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to that of [28, Theorem 4.3], the optimal rate is a = 1/2, which
is the one adopted in the statement. Moreover, Proposition VI.2
provides a way to compute the number of episodes necessary
to ensure that the condition Var(∇̂Vj(θi)(l)) ≤ σ̄ is satisfied
for all j ∈ {0} ∪ [q], i ∈ [Itε] and l ∈ [d]. Finally, since Θ
is compact, if Rα,β is locally Lipschitz on Θ (e.g., if for all
θ ∈ Θ, Slater’s condition holds for (6) and CRC holds for (6)
at (θ,Rα,β(θ)), cf. Lemma IV.2), then Rα,β is bounded in Θ.
Hence, ˆ̀ exists provided that the value function and gradient
estimates are taken so that ‖Rα,β − R̂α,β‖ is bounded. This
holds, for example, under the asymptotically vanishing noise
assumption discussed in Remark VI.8. •

VII. SIMULATIONS

Here we test RSGF-RL in two scenarios: a robot solving a
navigation task in a 2D environment and a cart-pole system
seeking to keep the pole upright by moving the cart. We com-
pare its performance against other approaches1 that also seek
to solve constrained Markov decision processes in an anytime
fashion: constrained policy optimization (CPO) algorithm [45]
and on-policy RSGF-RL [1].

Navigation 2D: We test the algorithm in a 2D environment,
where a robot with single-integrator dynamics navigates to a
target point while avoiding unknown obstacles (cf. Figure 1).
The obstacles’ location approximates a simplified real-world
floorplan. The state space is given by s = (x, y) ∈ [0, 10]2,
representing the position of the agent, and the action space
is continuous, with a ∈ [−5, 5]2 representing the velocity in
the x and y directions. The target point is s∗ = (8.5, 8). The
reward is R0(s, a) = −‖s− s∗‖ and the constraint reward is

R1(s, a) =

{
ε(ed(s) − 1), if s ∈ C
1− ε, otherwise

(41)

where ε = 0.01, d(s) is the distance between s and the
closest obstacle border, and the safe set C is the obstacle-free
region inside [0, 10]2. We use the family of Gaussian policies
πθ(a|s) ∼ N (µθ(s),Σ), where Σ = 0.5I2 and the mean
function is defined by radial basis functions (RBF) kernels,

µθ(s) =

Nc∑

i=1

tanh(θi) exp

(
−‖s− ci‖

2

2σ2

)
(42)

Here, tanh is applied element-wise, {ci}Nci=1 are the RBF
centers, and {θi}Nci=1 ⊂ R2 are the training parameters. We
choose the centers to be evenly spaced points over the state
space. To make a fair comparison, all algorithms collect
the same amount of episodes per iteration and perform the
same number of iterations. Table I summarizes the training
setup and the hyperparameters. For RSGF-RL, the estimators
are constructed using data from both the current and the
immediately preceding policies. To mitigate the high variance
of the estimators during the training process, we clip the values
of the importance sampling weights between 0.8 and 1.2.

Figure 1 shows the policy evolution under the RSGF-RL
algorithm starting from an initial safe policy. The anytime

1The interested reader can find in [1] a comparative analysis of on-policy
RSGF-RL with primal-dual approaches [10], [11].

nature of the algorithm is reflected in the fact that intermediate
iterations remain safe. Figure 2 shows the evolution of the
performance (V0) and safety (V1) metrics for the different
strategies. One can see that both on- and off-policy RSGF-
RL outperform CPO, while remaining safe during the whole
training procedure or recovering from an initial unsafe state.
Interestingly, off-policy RSGF-RL without clipping the impor-
tance sampling weights performs similarly to on-policy RSGF-
RL, while RSGF-RL with clipping significantly outperforms
both in terms of sampling efficiency, converging with fewer it-
erations. This suggests off-policy data can improve the training
process but introduces a high variance on the estimators that
needs to be compensated by variance reduction techniques.

TABLE I: Hyperparameters for the simulation environments

Parameter Navigation 2D Cart-pole

Environment
Time horizon (T ) 50 200
Discount factor (γ) 0.98 0.995
Reward (R0) −||s− s∗|| 1
Constraint reward (R1) Eq. (41) Eq. (41)
ε 0.01 0.1
Policy
Type Gaussian Gaussian
Centers evenly spaced over [0, 10]2 [−3, 3]× [−π

4
, π
4

]×
[−1, 1]× [−1.5, 1.5]

Number of centers (Nc) 400 1000
RBF centers variance 0.5 0.5
Policy variance (Σ) 0.5I2 0.5I4
Common elements
Number of iterations (k) 1500 300
Episodes per iteration (Ni) 100 30
V0 baseline (b0(s)) 0 neural network
V1 baseline (b1(s)) 0 neural network
CPO
δ 0.15 4× 10−4

On-policy RSGF-RL
Step size (h) 0.1 10−3

α 9 0.1
Off-policy RSGF-RL
Step size (h) 0.1 min{10−3, 0.02

‖R̂α,β‖
}

Episodes available (|Ji|) 200 15
Updates per iteration 1 2
α 9 0.1
β (constant) 1 1

Cart-pole: We also evaluate RSGF-RL on the Gymnasium
Inverted Pendulum-v4 environment [46], where the objective
is to learn a policy that keeps a pole upright by applying
forces to a cart while avoiding hitting a wall. The state is
s = (x, θ, ẋ, θ̇) ∈ R4, where x is the cart position, θ is the
pole angle (relative to vertical), ẋ is the cart velocity, and θ̇
is the pole angular velocity. The action space is continuous,
with a ∈ [−3, 3] representing the force applied to the cart.
The reward is R0(s, a) = 1, encouraging the pole to remain
upright as long as possible. The wall is at x = 0.5 and hence
the safe set is C = {s = [x, θ, ẋ, θ̇] ∈ R4 : x < 0.5}.

We define the constraint reward as in (41), with ε = 0.1
and d(s) = [1, 0, 0, 0]>s − 0.5 and use the same Gaussian
policy with centers uniformly distributed over the state space.
Table I gathers the training details. To showcase the flexibility
of the off-policy approach, we update the policy twice per
iteration using two minibatches, instead of relying on previous
trajectories (i.e., we run steps 5-8 twice in Algorithm 1).
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Fig. 1: Policy evolution under RSGF-RL in the Navigation 2D example. Obstacles are depicted in gray. Target point in green and different robot initial
conditions in light blue. Initial policy on the left, final policy on the right, with intermediate policies obtained during the algorithm evolution in the middle.
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Fig. 2: Comparison between CPO and different RSGF-RL training strategies
in the Navigation 2D environment. Left plot shows the average V0(θ) as a
performance metric, while the right plot shows the average V1(θ) as a safety
metric. Averages are computed over 5 seeds and the shaded area represents
the standard deviation.

Figure 3 shows the evolution of the performance (V0) and
safety (V1) metrics for the different algorithms. All approaches
maintain the safety constraint below 0, remaining safe during
training. Both on-policy and off-policy RSGF-RL outperform
CPO, and RSGF-RL with clipping of the importance sampling
weights significantly outperforms all the other approaches.
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Fig. 3: Comparison between CPO and different RSGF-RL training strategies
in the Cart-pole environment. Left plot shows the average V0(θ) as a
performance metric, while the right plot shows the average V1(θ) as a safety
metric. The max reward is 126.61. Averages are computed over 5 seeds and
the shaded area represents the standard deviation.

VIII. CONCLUSIONS

We have introduced the Robust Safe Gradient Flow-based
Reinforcement Learning (RSGF-RL) algorithm for constrained
reinforcement learning with anytime safety guarantees. RSGF-
RL’s design is based on the Robust Safe Gradient Flow,
a continuous-time algorithm for anytime constrained opti-
mization whose forward invariance and asymptotic stability

properties we have also characterized. At every iteration,
RSGF-RL uses off-policy episodic data to construct estimates
of the value functions defining the constrained RL problem,
as well as of their gradients. We have rigorously characterized
the statistical properties of such estimates. Building on this,
we have determined the number of episodes needed to ensure,
with a user-specified reliability, that safe policies remain safe
at the next iteration or, alternatively, that the algorithm returns
to safety from an unsafe policy. Leveraging the theory of
stochastic approximation, we have also shown that RSGF-
RL converges to a KKT point almost surely, and we have
provided a bound on the number of iterations required for
convergence. Simulations have compared the performance of
RSGF-RL with the state of the art. Future work will focus
on extensions to other safety constraints commonly used in
safe RL, such as probabilistic or conditional value-at-risk. We
also plan to explore schemes that adaptively tune algorithm
parameters for improved convergence, safety, and memory
allocation requirements. Finally, we will extend the framework
to actor-critic methods and perform tests in physical hardware.
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APPENDIX

Lemma A.1. (Lipschitzness of gradient of value functions):
Suppose Assumptions 5 and 6 hold. Let j ∈ [q] ∪ {0}. Then,
∇Vj is Lipschitz with constant

BjL
(1− γT

1− γ
)2

+ 2BjB̃
2γ

1− (T + 1)γT + TγT+1

(1− γ)2
+

BqB̃
2
(1− γT

1− γ
)2

.

Proof. By the Policy Gradient Theorem [22, Section 13.2], for
any θ ∈ Rd,

∇Vj(θ)=

T∑

t=0

T∑

τ=0

∫

I

γt+τRj(st+τ ,at+τ ,st+τ+1)∇χat,stpθdσ,

where I = ST+1 × AT+1, dσ =
ds0ds1 . . . dsT da0da1 . . . daT , and

pθ =

( t+τ∏

k=0

P (sk+1, sk, ak)

)( t+τ∏

k=0

πθ(ak|sk)

)
η(s0).

https://arxiv.org/abs/2407.17032
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Now, by following the same steps as in the proof of [28,
Lemma 3.2],

‖∇Vj(θ1)−∇Vj(θ2)‖ ≤
T∑

t=0

T∑

τ=0

γt+τBjL‖θ1 − θ2‖+

T∑

t=0

T∑

τ=0

γt+τBjB̃
2(t+ τ + 1)‖θ1 − θ2‖.

Now, by using the formulas
T∑

t=0

γt =
1− γT
1− γ ,

T∑

t=0

tγt = γ
1− (T + 1)γT + TγT+1

(1− γ)2
,

we get

‖∇Vj(θ1)−∇Vj(θ2)‖ ≤ BjL‖θ1 − θ2‖
(1− γT

1− γ
)2

+ 2BjB̃
2‖θ1 − θ2‖γ

1− (T + 1)γT + TγT+1

(1− γ)2

+BjB̃
2‖θ1 − θ2‖

(1− γT
1− γ

)2

,

from where the result follows.

The following result provides a sufficient condition under
which Slater’s condition holds for (6) for each θ ∈ Rd\C.

Lemma A.2. (Slater’s condition): Let δ : Rd → R+ be a
continuous function, and suppose that for each θ ∈ Rd\C,
there exists ξ ∈ Rd that satisfies αVj(θ)+∇Vj(θ)>ξ < −δ(θ).
Consider ξ∗ : Rd → Rd defined as

ξ∗(θ) = arg min
ξ∈Rd
‖ξ‖2

s.t. αVj(θ) +∇Vj(θ)>ξ ≤ 0, j ∈ [q]. (43)

Select a differentiable function β such that

β(θ)

2
‖ξ∗({Vj(θ),∇Vj(θ)}qj=1)‖ < δ(θ).

Then, Slater’s condition holds for (6) for every θ ∈ Rd\C.

Proof. Since (43) satisfies Slater’s condition for all θ ∈ Rd\C,
ξ∗ is continuous at every θ ∈ Rd\C [44, Theorem 5.3].
Therefore, a differentiable β as required in the statement
exists. Now, it follows that ξ∗({Vj(θ),∇Vj(θ)}qj=1) is strictly
feasible for (6) for each θ ∈ Rd\C, and the result follows.

In particular, if δ is uniformly lower bounded by a positive
constant and ξ∗ is uniformly upper bounded, there exists a
constant β function that makes Slater’s condition hold for θ ∈
Rd\C. We also note that the feasibility of the linear inequalities
αVj(θ) + ∇Vj(θ)>ξ < −δ(θ) can be verified using Farkas’
Lemma [47, Theorem 22.1]. Therefore, one can verify the
feasibility of such linear inequalities and select an appropriate
β to satisfy Slater’s condition in Rd\C.

Next, we provide a condition for CRC to hold for (6).

Lemma A.3. (Constant rank condition): Let q̃ = 1, θ ∈ C
and suppose (5) satisfies MFCQ. Then, (6) satisfies CRC at
(θ,Rα,β(θ)).

Proof. If the single constraint of (6) is not active, then CRC
trivially holds. Suppose that it is active. The gradient with

respect to ξ of the single constraint of (6) evaluated at ξ =
Rα,β(θ) is gθ = ∇V1(θ)+β(θ)Rα,β(θ). Note that if gθ 6= 0d,
then there exists a neighborhoodN of (θ,Rα,β(θ)) such that if
(θ̄, ξ̄) ∈ N , then ∇V1(θ̄)+β(θ̄)ξ̄ has the same rank as gθ. Al-
ternatively, if gθ = 0, then 0 = αV1(θ) +∇V1(θ)>Rα,β(θ) +
β(θ)

2 ‖Rα, β(θ)‖2 = αV1(θ) − β(θ)
2 ‖Rα,β(θ)‖2. This implies

that V1(θ) = 0 and Rα,β(θ) = 0d. Since MFCQ holds for (5)
and V1(θ) = 0, then ∇V1(θ) 6= 0d necessarily. However, since
Rα,β(θ) = 0d this contradicts the fact that gθ = 0d.

Finally, we state a few inequalities from probability theory
used along the paper.

Lemma A.4. (Popoviciu’s inequality [38, Corollary 1]): Let
X be a real-valued random variable. Let m,M ∈ R be such
that m≤X≤M almost surely. Then, Var(X)≤ (M−m)2

4 .

Lemma A.5. (Hoeffding’s inequality [39]): Let X1, . . . , Xn

be independent random variables. Suppose there exist ai, bi ∈
R for i ∈ [n] such that ai ≤ Xi ≤ bi almost surely. Let
Sn = X1 + . . .+Xn. Then, for any ε > 0,

P(|Sn − E[Sn]| ≥ ε) ≤ 2 exp
(
− 2ε2∑n

i=1(bi − ai)2

)
.

Lemma A.6. (Fréchet’s Inequality [40]): Let {Ai}ni=1 be n ∈
Z>0 events. Then,

P
( n⋂

i=1

Ai

)
≥ max

{
0,

n∑

i=1

P(Ai)− (n− 1)
}
.
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Catalunya, Barcelona, Spain, in 2020, and the Mas-
ter’s degree in mechanical engineering in 2021 from
the University of California, San Diego, La Jolla,
CA, USA, where he is currently a Ph.D candidate.
His research interests include safety-critical control,
optimization-based controllers, distributed optimiza-
tion and motion planning.

Arnau Marzabal received the Bachelor’s degrees
in Engineering Physics and in Industrial Engineer-
ing from the Universitat Politècnica de Catalunya,
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