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Abstract

Reinforcement learning (RL) enables robots to acquire complex skills, but standard RL
formulations do not guarantee that learned policies satisfy safety constraints, which limits
their use in safety-critical settings. Existing safe RL methods with provable guarantees
typically support only restricted classes of constraints and require unbiased estimators of
the objective and constraint functions, which prevents their direct integration with state-
of-the-art algorithms such as proximal policy optimization (PPO). In this paper, we extend
the recently introduced robust safe gradient flow-based reinforcement learning (RSGF-RL)
framework to overcome these limitations. Our formulation accommodates a general class
of trajectory-level safety constraints, including chance constraints such as collision avoid-
ance with a prescribed probability, and our analysis allows for biased value and gradient
estimators. We show that, with high probability, the constraint violation throughout train-
ing is bounded by the estimator bias plus a term that vanishes as the number of rollouts
grows, and decays to this level if the initial policy is unsafe. We also establish the con-
vergence properties of the iterates to approximate KKT points of the original safe RL
problem. Finally, we show that RSGF-RL implemented with PPO-style estimates enables
zero-shot sim-to-real deployment of whole-body control policies on a Unitree G1 humanoid
and collision-free waypoint navigation on a Crazyflie drone.

Keywords: Safe reinforcement learning, model-free reinforcement learning, humanoid
robots.

1. Introduction

Reinforcement learning (RL) has emerged as a powerful tool for enabling robots to acquire
a wide range of complex skills (Hwangbo et al., 2019; OpenAl et al., 2020; Kaufmann et al.,
2023). However, standard RL algorithms primarily optimize task performance, without
guaranteeing that the learned policies satisfy safety constraints, either during training or
after deployment. This lack of formal safety guarantees remains a major obstacle to the
adoption of RL in safety-critical applications.

Motivated by this challenge, a growing body of work on safe RL seeks to optimize
policy performance subject to prescribed safety specifications (Brunkel et al., 2022; Gar-
cia and Fernandez, 2015; Gu et al., 2024). A common approach formulates safe RL as a
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constrained policy optimization problem, where the constraint requires the expected cumu-
lative value of a safety-related cost to remain below a prescribed threshold (Achiam et al.,
2017; Chow et al., 2017; Paternain et al., 2019). Several algorithms have been proposed
to solve such problems, including primal-dual methods (Paternain et al., 2023; Ding et al.,
2020), constrained policy optimization (CPO) (Achiam et al., 2017), projection-based con-
strained policy optimization (PCPO) (Yang et al., 2020), and state augmentation (Sootla
et al., 2022). Despite their empirical success, these methods generally do not guarantee
constraint satisfaction throughout the learning process, and their convergence guarantees
rely on restrictive assumptions.

An alternative approach enforces safety at the level of individual control actions, typi-
cally by combining an unconstrained RL policy with a safety filter based on control barrier
functions (CBFs) (Bejarano et al., 2025; Alshiekh et al., 2018; Cheng et al., 2019; Yang
et al., 2026; Hsu et al., 2024). While such methods can provide guarantees on the safety of
the resulting closed-loop system, they do not directly address the problem of optimizing a
policy subject to safety constraints.

In this paper, we adopt the constrained policy optimization perspective, building on
the recently introduced robust safe gradient flow-based reinforcement learning (RSGF-RL)
framework (Mestres et al., 2025b,a). RSGF-RL provides convergence guarantees to critical
points of the constrained RL problem while maintaining constraint satisfaction through-
out the learning process with high probability. However, several limitations restrict its
integration with state-of-the-art RL algorithms and modern robotic systems:

1. Limited class of safety constraints. The existing framework considers constraints
that require that the expected value of cumulative safety costs remains below a given
threshold. However, many safety specifications arising in robotics are naturally ex-
pressed as probabilistic constraints, such as requiring that the probability of colliding
with an obstacle during an episode remains below a prescribed threshold, which are
not equivalent to the expected cumulative cost formulations.

2. Restrictive assumptions. The theoretical guarantees of RSGF-RL as provided
in (Mestres et al., 2025b,a) require unbiased estimators of the objective and constraint
functions and their gradients. In contrast, modern RL algorithms such as Proximal
Policy Optimization (PPO) (Schulman et al., 2017), Soft Actor-Critic (SAC) (Haarnoja
et al., 2024), and DreamerV3 (Hafner et al., 2025) employ estimation procedures that
can introduce bias. This limits the integration of RSGF-RL with state-of-the-art pol-
icy optimization methods. Additionally, the conditions under which (Mestres et al.,
2025a) establishes convergence of RSGF-RL (such as the requirement that the esti-
mated RSGF-RL update law converges to the true one with probability one) are quite
restrictive.

3. Lack of hardware validation. Previous evaluations of RSGF-RL have been limited
to relatively simple simulation environments, leaving open whether its theoretical
guarantees can be combined with the computational demands and practical challenges
of RL policies for real robotic systems.
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In this paper, we develop an extension of RSGF-RL that addresses these shortcomings,
and show that the resulting algorithm can be used to train RL policies for a variety of
different tasks, with zero-shot sim-to-real transfer. Our contributions are as follows.

1. First, we extend RSGF-RL to a general class of trajectory-level constraints, which in-
cludes cumulative cost and probabilistic constraints. Similarly to the Policy Gradient
Theorem (Sutton and Barto, 2018, Chapter 13), we show that gradient estimates for
this class of constraints follow from the classical likelihood-ratio method in (Glynn,
1990);

2. Second, we show that, with high probability, the constraint violation of the RSGF-RL
iterates is bounded by the estimator bias plus a sampling-error term that vanishes as
the number of rollouts IV used for value and gradient estimation grows. If the initial
policy is safe, this bound holds throughout training; if it is unsafe, the violation decays
to this level. We also show that, almost surely, the RSGF-RL iterates have a limit
point that is an approximate KKT point of the constrained RL problem, with the
approximation level again given by the estimator bias plus a term that vanishes as
N — oo.

3. Third, we show that RSGF-RL implemented with (biased) PPO gradient estimates
enables zero-shot sim-to-real deployment of whole-body motor skills on a Unitree G1
humanoid robot and collision-free waypoint navigation on a Crazyflie drone. Some
assumptions of our theoretical results are not met in the practical implementation
of RSGF-RL used in these experiments. We discuss this theory-to-practice gap in
Section 4.3.

2. Background

2.1. Safe Reinforcement Learning

Consider a Markov Decision Process (S,.4, P) with unknown transition function P. Let
T € N be a finite time horizon, and let go, g1 : STT2 x AT+t — R be real-valued functions.
We also consider a distribution 7 over initial states and a parametric class of policies indexed

by 6 € R, with 7y denoting the policy associated with parameter 6. Let s = [sq, ..., s711]
and a = [ag, ..., ar]. We consider the constrained RL problem
min - Vo(0) =Elgo(s,a)] st Vi(f) =Elg(s, a)] <0. (1)

The expectations in (1) are taken with respect to the probability measure over trajectories
induced by the initial-state distribution 7, the policy mg, and the transition function P.
Unless stated otherwise, all expectations are taken with respect to this measure.

The function gy encodes the objective to be minimized over the horizon T, whereas g1
encodes a safety constraint over the same horizon. For simplicity, we consider (1) with a
single safety constraint and same time horizon for both the objective and constraint, but
the results developed in the paper extend naturally to multiple constraints and different
time horizons.

We next present different instances of (1) that illustrate the generality of this formulation
and connect it with safe RL problems previously studied in the literature.
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Example 1 (Cumulative constraints): Let«y € (0, 1] be a discount factor, Ry : Sx AxS —
R a reward function, and Ry : S x A xS — R a cost function. Consider g;(s,a) =
(—1)7+t ZLO Y R;(st,ar, si+1). Then (1) becomes the standard constrained RL formulation
considered, e.g., in (Altman, 1999; Achiam et al., 2017; Chow et al., 2017; Paternain et al.,
2019; Mestres et al., 2025b). The objective is to maximize the expected discounted cumulative
reward while constraining the expected discounted cumulative cost. °

Example 2 (Probabilistic constraints): Let C C S be a safe set and let § € (0,1). Taking
go as in Example 1 and defining g1(s,a) = —H(ﬂfzo{st € é}) +1—90, where I(A) denotes
the indicator function of an event A, problem (1) becomes

T T

max E[Ztho(st,at,stH)], s.t. IP’( ﬂ{st € C_}> >1—4. (2)
HeRd

t=0 t=0
This formulation requires the state trajectory to remain in the safe set C over the entire
horizon with probability at least 1 — &, and is considered, for example, in (Chen et al.,
2024; Paternain et al., 2023). As shown in Appendiz A, an appropriate choice of Ry in
Ezample 1 can also imply the probabilistic constraint in (2), but the two formulations are
not equivalent. °

Beyond examples 1-2, problem (1) also covers the percentile risk constraints considered
in (Chow et al., 2017; Ying et al., 2021) and the conditional chance constraints in (Shen
et al., 2024). Hence, (1) captures several common notions of safety in RL.

2.2. Robust Safe Gradient Flow

We next introduce the Robust Safe Gradient Flow (RSGF) (Mestres et al., 2025a), a con-
strained optimization method that will serve as the basis for solving (1). Let Vp, V3 : R? — R
be continuously differentiable functions and consider the constrained optimization problem
min V(6 s.t. 11(0) <0. 3
min, V5 (6) 1(0) < 3)
Let C = {6 € R? : V() < 0} denote its feasible set. Given «, > 0, define the RSGF
vector field R : R — R? by

1 p
R(0) = argmin 6+ V@) * st aVi@) +VViO) €+ P <0 ()
£eER
Thus, R(6) selects a direction that remains as close as possible to the negative gradient
—VV(0) while satisfying a constraint designed to preserve feasibility. Given a sequence of
positive stepsizes {h;}ten, we consider the discrete-time RSGF iteration

Orr1 =0, + htR(Gt). (5)

As shown in (Mestres et al., 2025b, Lemma 1) and (Mestres et al., 2025a, Lemma IV.2, Prop.
IV.3) (consolidated in Proposition 5 in Appendix B for completeness), under a constraint
qualification and suitable Lipschitz and stepsize conditions, the limit points of (5) are KKT
points of (3). Besides ensuring convergence to KKT points of (3), this result highlights
the anytime nature of RSGF: provided that the initial iterate is feasible and the stepsizes
satisfy the stated conditions, every subsequent iterate remains feasible.
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3. Safe Reinforcement Learning with the Robust Safe Gradient Flow

Although the RSGF iterates (5) have KKT points of the constrained optimization prob-
lem (1) as limit points, they cannot be applied directly in the model-free RL setting. In
particular, because the transition kernel P of the MDP is unknown, the value functions
Vb, V1 and their gradients VVj, VV] cannot in general be evaluated exactly. In this section,
we therefore construct estimates of these quantities from policy rollouts.

The following result provides an expression for the gradient of the general functions Vj
and V; introduced in (1), and will serve as the basis for estimating such gradients from
sampled trajectories. This result is a direct consequence of the likelihood-ratio gradient
identity (Glynn, 1990), and its proof is deferred to Appendix C, where we also discuss
the special cases it recovers (including the standard Policy Gradient Theorem (Sutton and
Barto, 2018, Chapter 13)).

Proposition 1 (Policy gradient for general objective and constraints): Suppose that, for
every a € A and s € S, the mapping 0 — logmy(als) is continuously differentiable, the
functions go, g1 are uniformly bounded, and for every 6 € RY, there exists a neighborhood
Uy and a constant My > 0 where

sup  sup ||V log m(als)] < M. (6)
0'cUy s€S,acA

Let Hy = (sg,a,51,a1,...,a;-1,5t) € (S x A)! x S denote the trajectory history available
when action a; is selected. Further,!, for eacht € 0: T, let bj; : (S x A)t x 8 x R? - R be
an arbitrary integrable function. Then, for j € {0,1},

T

VVi(0) = E[Z (g;(s, a) — bj(Hy, 0)) Vo log mo(as] 1)) . (7)
t=0

Fix j € {0,1}. Given N € N independent episodes generated under 7y with initial distri-
bution 7, empirical averages of g; and (7) yield unbiased estimators of V; and VV}, respec-
tively. Practical RL algorithms, however, often modify these estimators to reduce variance
or improve numerical performance, generally at the cost of bias: PPO-clip (Schulman et al.,
2017, Section 3) optimizes a clipped surrogate objective, and actor—critic methods (Konda
and Tsitsiklis, 2003) build lower-variance gradient estimates from learned value functions.
We therefore consider general estimators

N N

~ 1 — 1 ~

GO =+ S TV = > 0
n=1 n=1

where G?,n € R and éfn € R? satisfy, for allm € 1 : N, i € 1 : d, and some constants
G, Ej > 0 and Bj, Bj (independent of 6),

[E[GS,.] = V;(0)] < ¢, [E[(GY,.)i] = (VV;(0))s] < &, (9)
G, < Bj, (GS)il <Bj as. (10)
1. For non-negative integers ni,n2, we use the notation ni : no = {nl,nl +1,... ,ng}.
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Assumption (10) is standard in RL (Zhang et al., 2020; Bai et al., 2024; Mestres et al.,
2025b,a); for the estimators induced by (7), it holds whenever Vylogmg, {g;}, and {b;}
are uniformly bounded over (s,a). Bounds of the form (9) are available for PPO (Doéring
et al., 2026, Theorem 4.2) and actor—critic algorithms (Mu and Klabjan, 2024, Lemma
4.10). Using (8), we define the empirical RSGF direction

A 1

2 ~ —
R(6) = axgmin s |6 + V(@) st avl(9)+vvl(9)¥+§Héll2 <0, (1)
£eR

and the stochastic policy update

~

Orr1 = 0 + hR(0;), (12)
where for every 6;, R(6;) is computed through (11) (with § = 6;) and estimates obtained
through N independent rollouts as in (8), and {h;} is a deterministic sequence of stepsizes.
We note that R(#) (and R(6)) can be computed in closed-form (cf. Mestres et al., 2025b,
Lemma 3). We refer to the algorithm that updates policy parameters according to (12) as
RSGF-RL. If problem (11) is infeasible at 6 = 6, we set R(6;) := —Wl(ﬁt)/ﬁ. We next
investigate the extent to which RSGF-RL retains the safety and convergence properties of
the nominal RSGF iterates (5). In the following results, we let F; be the filtration obtained
from all stochasticity up to iteration ¢ (but not including the rollouts from 7p,). We begin
by establishing a bound on the number of samples required to achieve a probabilistic safety
guarantee.

Proposition 2 (Probabilistic safety): Consider a sequence {0;}ten generated by (12), and
let K € N. Suppose that VV is Ly-Lipschitz, that the stepsizes satisfy 0 < hy < hpax <
min{l/a, 8/L1}, and that, almost surely, (11) is feasible at 0 = 0, for everyt € 0: K — 1.
Fiz e >0 and § € (0,1), and let

N > max { 2B? 12;5(4/8)7 2dB? 125(461/5) } (13)
Define I1; := 2;10(1 — ahy) and
_ (\/6751 + 6)2
= . 14
c C1+6+2a(/B_Llhmax) (14)
Then, with probability at least 1 — K6,
Vi(0y) <II; Vi(6p) + (1 —1I;) ¢ forallte0: K. (15)

In particular, with probability at least 1 — K&: (i) if Vi(6) < 0, then Vi(0;) < ¢ for all
te0: K; (it) if Vi(6y) > 0, then V1(6;) < I1;V1(0y) + ¢ for allt € 0: K.

The proof of Proposition 2 follows an argument similar to that of (Mestres et al., 2025b,
Proposition 5) and is included for completeness in Appendix E. Proposition 2 quantifies
how estimation error and bias affect the safety of policy updates. It shows that with
high probability (which degrades linearly with the safety horizon length K), (i) RSGF-RL
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iterates with safe initial policy stay in a neighborhood of the safe set (with the size of the
neighborhood determined by ¢, which shrinks as the estimator bias decreases and the number
of rollouts N increases); (ii) RSGF-RL iterates with unsafe initial policy exponentially
converge (e.g. by choosing constant stepsizes) to this neighborhood of the safe set. Note
that if we want to ensure exact constraint satisfaction with high probability, we can simply
tighten the constraint in (3) by a margin ¢.

We next study the convergence properties of (12). For 0 € R? define

IVVA(O)|I*  2aVi(6) IVVi@)|>  2aVi(9)

5 B 2 N
As shown in Lemma 8, problem (4) (resp. (11)) is feasible if and only if D(#) > 0 (resp.
D(0) > 0).

(16)

Proposition 3 (Convergence): Suppose that:
(i) © C R? is compact and convex, and 0; € © for all t € N almost surely;
(i) VVo,VVi are Lg-, Ly-Lipschitz on ©;

(iii) problem (4) is feasible for all 6 € © and p := mingeg \/D(0) > 0;

Define the constants G := maxgce ||VV;(0)|| for j € {0,1},

_ (Go+G1/B)? 1 VdB +G 2
= —( 0 5[021/ ) R cl = E + 612 1; Cy = Fja (17)
= 3[a(@+ ) + G+ ) + (G )] (18)

Fiz any k > u, and let ®,(0) := Vu(0) + k[V1(0)]+, Go := Go + KG1, Ly := Lo + kL1,
Ay = P (6p) — ming Vo, and Hg := Zfigl hy for K € N. Let {0;} be generated by (12)
with 0 < hy < h:=min{l/«a, 1/(2Lg)}. Then:

(a) (Non-asymptotic bound) For every K € N,

K-1 K-1

1 2A¢ 2Lge?
— Y E|R@G)|? < = +2 NN R 1
i tz:; tEIR@O:)]|* < Hre +2Gpen + Hre tz:; ; (19)
In particular, for a constant stepsize hy = h < h,
min_E|R(6;) 1? < Z E|R(6:)|* < + 2Gpen + €3 (20)

0<t<

(b) (Almost-sure asymptotic bound) If }, hy = 0o, then almost surely

K—1

1
hmsup — Z he| | R(6:)]1? < 2Goen + €%, (21)
K—oo

I

so in particular liminf; o ||R(6:)||* < 2Goen + E?V a.s.



MESTRES GABBITA SIU ESTEBAN SERNEKE BURDICK AMES

The proof of Proposition 3 is included in Appendix F. Let us comment on the assump-
tions of Proposition 3. First, (i) can easily be guaranteed by adding an additional deter-
ministic constraint in (11) that guarantees that © is forward invariant, as done in Mestres
et al. (2025a). On the other hand, (ii) is standard in the literature, and the Lipschitz con-
stants can even be obtained explicitly as in (Zhang et al., 2020, Lemma 3.2). Finally, since
feasibility of problem (4) at parameter 6 is equivalent to D(6) > 0, condition (iii) requires
that problem (4) has a strict feasibility margin in the set ©.

Since O is compact and R is continuous, Proposition 3(b) implies that, almost surely,
a subsequence of the RSGF-RL iterates (12) converges to a point which satisfies the KKT
conditions of (3) up to a tolerance that vanishes with ey. Hence, as ey — 0 (equivalently,
as the estimator biases approach 0 and the number of rollouts N increases), such points
form an approximate KKT sequence as introduced in (Andreani et al., 2011), whose limit
points are KKT points of (3) (because assumption (iii) implies MFCQ). In particular, if
estimates are constructed so that they become asymptotically unbiased, the approximation
error only depends on the number of rollouts V.

4. Experiments

We implement RSGF-RL (12) for humanoid whole-body control and drone obstacle avoid-
ance tasks?. For all tasks we use Gaussian policies with mean parametrized by a multi-layer
perceptron (MLP). Furthermore, the policy acts on observations rather than on the full
state; this fits our framework by augmenting the state with such observations®. We obtain
estimates VVO through PPO-clip, and estimates VVl, V1 through an actor-critic scheme.
Both provide biased estimates (cf. Doring et al., 2026, Theorem 4.2 and Kumar et al., 2023,
Theorem 2 for bias bounds). Since the choice of g; in Example 2 tends to stall learning,
possibly due to its sparse nature, we use go, g1 as in Example 1, with R; as in (23). Re-

wards, hyperparameters, and details on how the estimates are computed are reported in
Appendices G and H.

4.1. Humanoid whole-body control

We evaluate RSGF-RL on whole-body control tasks for a Unitree G1 humanoid robot,
whose high dimensionality, contact-rich dynamics, and underactuation make safety-critical
controller design challenging. In all tasks, we train the RL policy in mjlab (Zakka et al.,
2026). Simulated dynamics run at 200 Hz and the policy at 50 Hz, with 10 second episodes.
The learned policies output joint position set-point commands that are tracked by a low-level
PD controller. For sim-to-real transfer, we randomize base disturbances, contact friction,
and center-of-mass and joint-encoder estimation errors.

First, we learn a fixed forward-gait walking policy, where the safe set requires a base
height of at least 0.67 m, roll in [—0.35,0.35] rad, pitch in [—0.5,0.5] rad, and the center of

2. Videos of the different experiments are available at the following link: https://drive.google.com/
file/d/19_EAcHGyLCidhLtGAe3-6qqPSirQZppJ/view?usp=sharing.

3. In this setting, conditions (6) and (10) do not hold for Gaussian policies with unbounded support, but
they hold for Gaussian policies truncated to a compact action set .4 with standard deviation bounded
away from zero on the compact parameter space © and observations bounded on a compact set. Trun-
cating actions and observations on a sufficiently large set retains the same performance in practice.
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Figure 1: Training curves for vanilla PPO and RSGF-RL. In each panel, the top plot shows the
mean reward and the bottom plot the safety violation rate per episode (i.e., the fraction of episodes
that contain at least one safety violation). Shaded areas represent +1 standard deviation over 5 seeds.
Panel (a) also compares against CPO (Achiam et al., 2017), PPO-Lagrangian (Ray et al., 2019) and
vanilla PPO with a safety-aware reward penalty for several penalty weights, and uses environment
steps on the horizontal axis since CPO uses a different number of steps per environment.

pressure (CoP) inside the support polygon of foot contact points. Figure 1(d) shows that,
when trained with the same gg, RSGF-RL learns a policy with substantially fewer safety
constraint violations than vanilla PPO, while asymptotically achieving comparable rewards.

Next, we test RSGF-RL on crawling and squatting motion imitation tasks (Figures 2(a)-
2(b)), training a separate policy for each with motion imitation rewards (Liao et al., 2026)
and reference motions from a human motion dataset (BONES Studio, 2025). We constrain
the base height to be at least 0.4 m for squatting, and the base and head heights to be
at most 0.2 m for crawling (with a curriculum from 0.3 m to 0.2 m). Figures 1(a)-1(b)
show that, with the same go, RSGF-RL learns the squatting and crawling motions while
respecting the height constraint, whereas vanilla PPO does not. Figure 1(a) also shows
that for the squatting motion task, RSGF-RL improves upon CPO (Achiam et al., 2017)
both in terms of safety and performance, and upon PPO-Lagrangian (Ray et al., 2019) in
safety, with very similar performance. Additionally, vanilla PPO with an added safety-aware
reward has safety and performance similar to RSGF-RL, as long as the penalty weight of
the safety-aware reward is chosen appropriately. However, the correct penalty weight is
very task-dependent, and it is unclear how to select it a priori.

4.2. Drone collision avoidance

We learn a policy that steers a Crazyflie drone to a hover target that changes every 5 sec-
onds, in an arena with a randomized number of obstacles, some of which move randomly and
others toward the drone. For sim-to-real transfer, we use domain randomization with ran-
dom perturbations on the velocity, thrust coefficient, drag, command delays, and low-level
controller feedback delay. The learned policy outputs velocity commands that are tracked
by the drone’s onboard low-level controller. We train the RL policy in IsaacLab (Mittal
et al., 2025). The simulated dynamics run at 400 Hz and the policy at 100 Hz, with 10
second episodes. In this case, we add safety penalties to vanilla PPO for entering, or being
predicted to enter within 0.5 seconds, the safety margin of obstacles or the arena boundary,
with a terminal penalty for collisions or leaving the arena. Figure 1(c¢) again shows that
RSGF-RL achieves a task return comparable to vanilla PPO while maintaining a low safety
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Figure 2: (a)-(b) Humanoid crawling and squatting: vanilla PPO violates the safety constraints
whereas RSGF-RL does not. (¢) The RSGF-RL drone policy avoids two approaching obstacles.

violation rate throughout training, whereas vanilla PPO sacrifices safety for higher return.
Increasing these penalties made vanilla PPO training unstable. Although more careful tun-
ing might improve its safety, RSGF-RL has no penalty parameter, and its own parameters
(a, B,{h+}) required little tuning in this experiment. On hardware, the RSGF-RL policy
successfully avoids obstacles while staying within the arena boundary (Fig. 2(c)).

4.3. Discussion on theory to practice gap

Some assumptions of our results, such as the bound (13) on the number of rollouts and the
stepsize condition 0 < h; < h, are not met in the experiments, and the probabilistic safety
guarantees in Propositions 2 and 4 are loose compared to the safety achieved in practice.
Moreover, our safety and convergence results depend on the estimator biases (1, o, Ci.
The estimates used in Section 4, detailed in Appendix H, rely on standard practical RL
techniques, such as learned value critics, multiple Adam steps on the PPO loss, and omitting
the discount weighting of the policy gradient, each of which introduces bias. Although
techniques such as those in (Déring et al., 2026), (Kumar et al., 2023) can be used to bound
these biases, we do not have tight characterizations for them. Finally, the curriculum in the
crawling task makes the constraint iteration dependent, and is not directly covered by our
analysis. However, Proposition 2 still applies for policy updates with the same constraint.

5. Conclusions

We have extended RSGF-RL to a general class of constraints, including probabilistic and cu-
mulative ones, and to biased gradient and value function estimators, enabling its integration
with state-of-the-art RL algorithms such as PPO. We established safety and convergence
guarantees for the resulting algorithm, and demonstrated it on whole-body motor skills for
a G1 humanoid robot and collision-free waypoint navigation for a Crazyflie drone. Future
work will refine our assumptions and bias bounds and design estimators with good practi-
cal performance and provable guarantees, in order to narrow the gap between theory and
practice discussed in Section 4.3.
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Appendix A. Connection between cumulative and probabilistic
constraint

Here we show that, with an appropriate choice of the cost function R;, the cumulative
constraint V3(#) < 0 induced by the choice of ¢g; in Example 1 implies (up to a term that
vanishes as v — 1) the probabilistic constraint in (2).

Consider
Ry( ) I(s; €C)+1 0 (22)
Sty g, S = —I(s -,
1\t Uty St+1 t T+1
which assigns a cost 1 — TLH to unsafe states and —TLH to safe ones. In practice, we use a

smoothened version of (22) given by

0 —FL(St) —1 if c C_
e , ifs ,
R (e, ar, $e41) = {TH((; ) '

(23)
l_Ti—l—l’

else,

where  : S — R is a function whose 0-superlevel set includes C. Since h(s;) > 0 for s; € C,
(23) upper bounds (22_) pointwise, while additionally encouraging the state to stay away
from the boundary of C. For v € (0, 1], define

T+1

T
_ 1—x
K)==—> v "= Tina T <Y (24)

k(1) =1, and k(y) > 1 for all v € (0, 1].

Proposition 4 Lety € (0,1], let g1 be as in Example 1, and let Ry be either (22) or (23).
If Vi(0) <0, then

6T(1—7)

o (25)

T
]P’(ﬂ{st EC_}) >1—-0—¢e(v), e(y) =6(k(v) —1) <
t=0

In particular, for v =1 the probabilistic constraint in (2) holds exactly, and for fixred T its
violation vanishes linearly in 1 —~y as v — 1.

Proof Let U; = I(s; ¢ C), so that (22) reads Ry = U — TLH. Since (23) upper bounds (22),
in both cases

ozvl(e)zE[Zth]—izyt. (26)

Using the union bound on probabilities (Durrett, 2010, Theorem 1.1.1) and v* > 7 for
t<T,

P(O{st gé}) gE[iUt} §’)’_TE[i7tUt} < T(SHZVt_T =5 k(7),

t=0 t=0 t=0 t=0
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where in the last inequality we used (26), and gives the first part of (25). For the bound on
e(7), note that 1—7* = (1—7) Y50 7' < k(1—7) and v* > 4T, soy ¥ —1 = 1;72]6 < w
Hence

1l 1-9 _T(-1)
M) L= g L 0T ) S e LR

Remarks. The case v =1 with (22) was established in (Paternain et al., 2023, Theorem
1). However, in our experiments we found that taking v < 1, together with the choice of
Ry in (23), leads to better practical performance. Proposition 4 shows that the price paid
for this choice is a violation of the probabilistic constraint of at most e(v) = O(6T(1 —7)).

If exact satisfaction is required for v < 1, it suffices to replace the constant TLH in (22)

and (23) by TLH,«;(V)_1 = %, at the cost of a more conservative constraint. Finally,
since Proposition 4 only provides a sufficient condition for the satisfaction of the probabilistic
constraint (2), (assuming v = 1 or correct constraint tightening), the two formulations are
not equivalent.

Appendix B. Properties of the RSGF

We next summarize the properties of (5), adapted from (Mestres et al., 2025b, Lemma 1)
and (Mestres et al., 2025a, Lemma IV.2, Prop. IV.3).

Proposition 5 (RSGF Properties): Suppose that (3) satisfies the Mangasarian—Fromovitz
constraint qualification (MFCQ)* at every 8 € C. Then (4) is well-defined on an open
neighborhood of C. Moreover, 8 € C is a KKT point of (3) if and only if R(6) = 0.
Furthermore, suppose that VVy is Li-Lipschitz and that hy < min{1/«, 5/L1} for allt € N.
Then C is forward invariant under (5). If, in addition, V'Vy is Lo-Lipschitz and hy < 1/Ly,
then every limit point of a sequence {0; }1en initialized at 6y € C is a KKT point of (3).

Proposition 5 is a direct consequence of (Mestres et al., 2025b, Lemma 1) and (Mestres
et al., 2025a, Lemma IV.2). However, we note that (Mestres et al., 2025a, Lemma IV.2)
requires that (4) satisfies the Constant Rank Condition (CRC) at (6, R(#)) for every 6 € C,
but that hypothesis is not stated in the statement of Proposition 5.

The following result explains the reason behind this mismatch: given that (3) only has
a single constraint, the satisfaction of MFCQ for (3) at every 6 € C implies the satisfaction
of CRC for (4) at (8, R(0)) for every 0 € C.

Lemma 6 (MFCQ implies CRC for single constraint problems): Suppose that (3) satisfies
MFCQ for each 6 € C. Then, (4) satisfies CRC at (6,R(6)) for every 6 € C.

4. For the single-constraint problem considered here, MFCQ requires that, for every 6 € C satisfying
Vi(6) = 0, there exists ¢ € R? such that VVi(0) "¢ < 0. Equivalently, VVi () # 0 whenever V;(6) = 0.
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Proof Suppose that CRC does not hold for (4) at some 6 € C. Then we necessarily have
that

aVi(0) + VVl(H)TR(H) + g ||7'\’,(9)H2 =0, (27)
and
Se(an@+ TnETe+ SR )| = 9Vie)+ pRO) o0 (28)
E=R(0)
Plugging (28) into (27) we get
oVi(0) 2 [RO)? = 0. (29)

Since 6 € C, we have Vi(f) < 0. Hence, (29) implies that V1(6) = 0 and R(6) = 0,
which from (28) implies that VV;(0) = 0, violating MFCQ for (3) at # € C. Hence, CRC
necessarily holds for (4) at (6, R(0)) for every 0 € C. [ |

Appendix C. Proof of Proposition 1

When g; is a discounted cumulative return, as in Example 1, and b;; = 0, Proposition 1
recovers the standard Policy Gradient Theorem (Sutton and Barto, 2018, Section 13.2).
If the baseline is time-independent and depends only on s;, it recovers the corresponding
baseline formulation (Sutton and Barto, 2018, Section 13.4). Likewise, for the probabilistic
constraint in Example 2 with b;; = 0, it reduces to (Chen et al., 2024, Theorem 2). As
usual, the baselines {b;;} leave the expected gradient unchanged (as shown next in the
proof) while potentially reducing its variance.

Proof The proof is standard and follows arguments analogous to (Glynn, 1990) and the
Policy Gradient Theorem (Sutton and Barto, 2018, Chapter 13). We include it here for
completeness. Let us first show that

T

VV;(0) = E[ " g5(s,0) Vo log ma(ast)] (30)
t=0

Let 0 : ST12 x ATH! x R? — R be defined as
T
o(s,a,0) =n(so) Hﬂé(atyst)P(SH-l‘atv 5t)-
t=0

Since the hypothesis for differentiation under the integral sign hold (Apostol, 1974, Theorem
10.39) (because 6 — log my(a|s) is continuously differentiable and for each § € R?, (6) holds),
we have

VV;(6) :/gj(s,a)a(s,a,H)Vgloga(s,a,H)dsda,
r
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where I' = ST+2 x AT+1, Now, note that since
T
logo(s,a,0) =logn(sy) + Z(logP(stH]at, st) + log 7r9(at|st)>,
t=0
we have
T
VV;(0) = /ng(s, a)o(s,a,0) Z Vo log mg(ai|si)dsda,
t=0
proving (30). Next, let us show that for each ¢t € 0 : T', we have
E[bjﬂg(Ht, Q)VQ IOg iyl (at\st)] = 0,

which will complete the proof. Using the tower property of conditional expectation (Williams,
1991, Section 9.7),

E[b(H, 0)Vglog mg(at|st)] = Em, [Ea, [b(Hy, 0) Ve log mg(at|se)| He],

where on the right hand side expression, the outer expectation is with respect to the history
H; and the inner expectation is with respect to action a; only. Now, note that for any fixed
Hy, since H; does not depend on a; and a; ~ my(+|s;), we have

]Eat [b(Ht, Q)VQ log Wg(at|8t)|Ht] = b(Ht, 0) AVQ IOg Wg(at|5t)71'9(at|8t)dat
= b(Ht, 9) /A Vgﬂg(at|st)dat = 0,

where in the last equality we have used the fact that since 1 = [ AT (at|s¢)day, by differen-
tiating under the integral sign we have 0 = [ 4 Vomg(ai|si)day. [ |

Appendix D. Statistical properties of estimators

The following result establishes different statistical properties of the estimators (8), which
are needed for the proof of Proposition 2.

Proposition 7 (Statistical properties of estimators): Let j € {0,1}, 6 € R, and @(9),
VV;(0) be defined as in (8), and suppose that conditions (10), (9) hold. Then,

ET;0)] - V(0)| < G, |[EVV;0)] - VV;0)|| < VG,
~ 62
P(I7;(0) = Vi)l < G +¢) 21— 2exp{ - %}
J

p( Hﬁ/j(e) . vvj(e)H < VG +e) =1 - 2dexp { - NGQ}

2
2dB;

for all e > 0.

18



TOWARDS PROBABILISTICALLY SAFE REINFORCEMENT LEARNING

Proof The proof of Proposition 7 follows an argument analogous to that of (Mestres et al.,
2025b, Lemma 2), but we include it here for completeness. Fix j € {0,1} and 0 € RY. We
first establish the bounds on the bias. By definition of V;(#) and condition (9),

1 N
~ > (B -v30) | <

[EIV;(0)] - V;(0)] =

Similarly, for every i € 1 :d,

7

|(BIVVi(0)] - vV;3(0))

Consequently,

We next establish the concentration bounds. Since the IV episodes are independent, the
random variables {G?,n N_, are independent. Moreover, by (10), Gg-,n € [-Bjy, Bj| almost

surely. Hence, Hoeffding’s inequality (Hoeffding, 1963) yields, for every € > 0,

P([V;0) ~EV;(0)]] > ) < zexp{—;f;;}.

)

~

(6) BV (0)]| + [EIV;(0)] - V;(60)| < |730) — EIT;0)]| + .

=
—~
5
~—
|
=
—
s
-
IN
<

we obtain
> Né?
()= V;(0)| < ¢ >1- .
P([70) - vi(0)| <G +e) 21 2eXp{ 23]2}

_ We finally consider the gradient estimator. For every i € 1 : d, condition (10) implies
(Gin)i € [-Bj, B;] almost surely. Thus, Hoeffding’s inequality (Hoeffding, 1963) gives

> ¢ > < 2e Ne
- = X - T ~ - .
Vd) P 2452

Therefore, by Fréchet’s inequality (Fréchet, 1935),

€ Ne?
g\/&}> 21—2dexp{—2dBJ2}. (31)

Now, if the event inside the probability in (31) holds, we have that

P (](vAvjw))i ~ B[SV (0)));

d
p (m {0 - v

=1
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Combining this inequality with the bias bound established above gives

|¥Vi0) - vvi0)| < |WVio) - B9V 00| + BTV 60 - wvi0) | < e+ VS

Hence,
_— ~ Né?
IP’(HVV]-(H)—VV]-(H)H gx/&chre) >1—2dexpd ——o b
2dBJQ-
which completes the proof. |

Appendix E. Proof of Proposition 2

N

Proof Throughout, fix t € 0: K — 1 and let A := 011 — 6, = R (6y).

Step 1 (one-step safety evolution). Since V'V is Lq-Lipschitz, by (Nesterov, 2018, Lemma
1.2.3) we have

L
Vi(0r1) < Vi) + V(00T A+ A

Adding and subtracting ﬁ/l(Ht)TAt and using the Cauchy—Schwarz inequality,

— — L
Vi(041) < Vi(0) + VV1(0) T A + || VVA(0:) — VYV 1(00) || 1A + éHAtHQ-

Since (11) is feasible at 6;, R(0;) satisfies its constraint; multiplying it by h; > 0 and

using Ay = hyR(0;) gives ﬁfl(Qt)TAt < —ahVi(6;) — Q‘%HA,:HQ. Using also the identity
Vi(6) — ahgVi(6) = (1 — ahy)Vi(0;) — ahe (Vi(0;) — Vi(6:)), we obtain

Vi(Bis1) < (1 — ahy)Vi(6;) + ahy| Vi(6:) — Vi(6y)]
B

+ VY0 = TV 18] - 5 (5 — L) 1A (32)

Inequality (32) holds deterministically, i.e., for every realization of the N rollouts collected
at iteration t.

Step 2 (eliminating the step length). Since hy < /L1, the coefficient ¢; := 1(8/hy — L1) is
positive. For every e > 0, we have max,>o{ex — ¢;2%} = €?/(4c;). Hence the last two terms

of (32) are at most he||VVi(6;) — VV1(6,)]|2/(2(3 — L1hy)), and

he||VVi(8:) — TV (6|
2(6 - Llhmax) ’

Vi(Oei1) < (1 — ah)Vi(6y) + ahe|[Vi(8;) — Vi ()] + (33)

where we also used h; < hmax-

Step 3 (bounding estimates deviation from true values). Define the events

Evi = {|‘71(9t) —Vi(0)| <G + 6}7
&v. = {|VV1(0) = VV(0:)|| < Vi + ¢},
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and & = &y N Eyy. Note that € > 0 is fixed before sampling. Moreover, 0; is Fi-
measurable and, conditionally on F;, the N episodes collected at iteration ¢ are independent
and generated under mp,. Hence Proposition 7 applies conditionally on F; with 6 = 6;, and
yields

Né?
P(Evye | F Zl—2exp{—— >1-—
(Eve 72) 235}

\ ,
P(Ev, | Fi) 21— 2dexp { - 2];7;2} S1- g
1

where the second inequality in each line follows from (13). By Fréchet’s inequality (Fréchet,
1935), P(&; | F¢) > 1 — 4. By the union bound (cf. Durrett, 2010, Theorem 1.1.1) and the
tower property (cf. Williams, 1991, Section 9.7),

K-1 K-1 K-1 K-1 K1
P( U 5;) <3 PE) =Y Elig] =Y E[E[lgtc 7 } E[P(Ef | F)] < K,
t=0 t=0 t=0 t=0 =0

(34)

Step 4 (conclusion). On &, inequality (33) and the definition (14) of ¢ give

ht(\/agl +€)?

Vi(0rs1) < (1 — ahy)Vi(0r) + ahe (G + €) + 2(8 — L1hmax)

= (1 — Oéht)Vl(et) + ahy ¢,

or, equivalently, Vi(f;41) — ¢ < (1 — ahy)(Vi(6y) — €). On Ny &, which by (34) has
probability at least 1 — K, this holds for all ¢ € 0 : K — 1. Since 0 < 1 — ah; < 1 (because
0 < hy < 1/a), iterating it yields Vi (6;) — & < II;(V1(6p) — €) for all t € 0 : K, which is (15).
Item (i) follows because I,V (0y) < 0 and 1 —1II; < 1 when V() < 0, and item (ii) follows
from 1 —1I; < 1. |

Appendix F. Proof of Proposition 3

Throughout this section, we let [x]; = max{z,0}, R; := R(6;), Ry = 7@(0,5), B, =
| R — Rel, and Ey[-] := E[- | F;] in order to simplify notation. We also drop the dependency
in @ wherever it is clear. Given p € R? and a compact set A C R%, Proj 4(p) denotes the
projection of p onto A.

We introduce a few technical lemmas which are crucial for the proof of Proposition 3.

Lemma 8 (Projection interpretation of RSGF): For v € R, p,q € R?, the set {£ € R? :
av+qé+ ngHQ < 0} is nonempty iff ||q||?/B8% — 2av/B > 0, in which case it equals the
closed ball B(—q/B, 7) with r = /||q||2/B2 — 2av/B. Hence, whenever (4) is feasible we
have

R(0) = Pr(—vvi(0)/8,r0)(—VVo(0)).
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Proof Completing the square, av + ¢ "¢ + §\|§H2 = %(Hi + q/B||* — r?), and the objec-
tive function 3 ||€ + VVo(6)||* is minimized over the closed convex set B(—gq/3,r) by the
projection of —VV;(0) onto this set B(—q/3,r). [ |

Lemma 9 (Multiplier bound): Suppose that © C R is compact and that assumption (iii)
of Proposition 3 holds, and let u be as defined in (17). Let @ € © and let u(0) be the (unique)
multiplier of (4). Then u(f) < .

Proof The center { = —VV; /3 satisfies
aVi(0) + VVi(0) €+ 5 ng D(0) < —5p* <0.

Hence, Slater’s condition holds and R(#) admits a KKT multiplier v > 0. Since u > 0, the
Lagrangian

L€, w) = Yl + VVoll? +u(aVi + Ve + 2 )

is convex in &, and stationarity gives V¢L(R,u) = 0, so R minimizes L(-,u). Together
with complementary slackness of (4) this yields 3R + VVg|? = L(R,u) < L(§u) <
LIE+ Vo2 — ulp?, and therefore u < ||[VVy — VVi/B|1%/(Bp?) <

|

Lemma 10 (RSGF perturbation bound): Suppose that © C R? is compact and that as-
sumptwn (1) of Pmposztwn 3 holds, and let c1, ey be as defined in (17) and ey as defined

n (18). Let 0 € ©, ey := Vi(0) — V4(0), ej 1= vV, j(0) = VV;(0). Then, almost surely,

IR() = RO < lleoll + crllex]| + evlev]. (35)

If, in addition, 0; € © almost surely for some t € N, then Ei[E?] < &%, Ei[Ey] < en and
IR(6:) — Ee[R(6n)]]| < en-

Proof Throughout, we let P(y;c,s) := Projg( ) (y). We also write 5(f) := [D(#)]+. By

Lemma 8 and since R(6) = —ﬁfl(ﬁ) /8 by convention whenever (11) is infeasible, we have

R(6) = P(~VVo(6): ~VVi(0)/8, VD(6)).  R(8) = P(~ VVa(8): ~VV1(6)/5. 3(0)),

(36)

where R(#) is well defined since r(f) > p > 0 for all § € © by assumption. We split the
proof in three steps.

Step 1 (Lipschitz dependence of ball projections). Let us show that for all y,y/, ¢, € R?
and s,s’ >0,

|P(y;c,s) — P(y's ) < ly =yl + e =] + s = | (37)

To prove it, we use three standard facts. First, for any nonempty, closed, convex C' C
R9, both Proj. and I — Proj are (firmly) nonexpansive (Bauschke and Combettes, 1991,
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Prop. 4.16 and 4.4). Second, we have P(y;¢c,s) = ¢+ P(y—c;0, s) (Bauschke and Combettes,
1991, Prop. 29.1). Third, P(0;0,s) = 0 and P(z;0,s) = min{s, ||z||} z/]|z| for z # 0. By
the triangle inequality,

|P(yic,s) — P(y'sc, )| < |1P(y;e,s) — P(yse,9)| + |P(y;e,8) — Py ¢, s)|
+ Py, s) = P(y';d,s)|l

Now, by the non-expansiveness, we have
| P(y;c.s) — P(yse,9)|| < |ly— o] -

With @ := I — Projg,), the translation property gives P(y';¢c,s) =y — Q(y' — ¢), so
the (firm) nonexpansiveness of @ yields

I1P(y5¢c,s) = P(ysd,9) = 1QW —¢) = QW — )| < [le =]
Finally,
|P(y;css) = Py, s)|| = |[P(y' = ¢/;0,8) = Py = ¢;0,8)||
’ /
J-c _ min{s’, — ¢

ly" = IIy ol
= |min{s, ||y — ¢||} — min{s, ||y’ = ||} < |s = ],

from where (37) follows. Now, applying (37) to (36) with y = —ﬁ/o, c= —ﬁ/l/ﬁ, s=38§
and y = —VVp, ¢ = —VVi/B, s = /D (all evaluated at 0),

IR-R|<| 0||+H61H+| ) (38)

Step 2 (bounding the radius error). We first note that for a« € R and b > 0,

Vials — Vo] < 2 fb (39)
Ifa>0 thisfollowsfrom|f—\[| la—b|/(v/a+V/b) andf—l—\/Ez\/I;. If a < 0, then
IV]al+ —Vb| = —b/\[<(b a)/v/b. Applying (39) with a = D(#), b= D(6) > p> > 0

glveS Is ~VD| < |D - D|/p. By (16),
IVVL? = [VVi]?] 4 20lev]
B2 B

Moreover, [[VV1[[? ~[VVi|?| = [(VV1 = VW) (VV1+ V)| < [leal| (IVV ]| + [ VVA) <
HelH(\fBl + Gi), where we used the Cauchy-Schwarz inequality, |[VVi|| < Gp, and
HVV1H < V/d By a.s. Therefore

|D-DJ| <
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and substituting into (38) yields (35) with ¢, ¢y as in (17).
Step 3 (moment bounds). Let 6 = 6;, which is Fi-measurable. Squaring (35) and using
(@a+b+c)? <3(a®+b>+ c?) for all a,b,c > 0,

Ei[E7] < 3(Edlleoll” + e Edllea]|* + F Ed[e}]). (40)
Fix j € {0,1} and write ﬁ/j =+ ZnN:1 éffn Now, since Et[ﬁ/j - Et[ﬁ/]]] = 0, we have
Eiellej|* = [|E[VV;] = VVi(0:)II” +Ec|VV; = E[VV]]%.

For the first term, by (9) each coordinate of E; [ﬁ/J] —VV;(6;) is at most ¢; in absolute value,
so the term is at most alfj2 For the second term, VV; — E/[VV;] = &+ >, (éet - Etéet ).
By assumption, the G?tn are conditionally independent given JF;, so Et(é?i —E Gftn, Gei -
EtG?fm> =0 for n # m, and

N N
_ — 1 ~ ~ 1 ~
BTV, ~ BTV = < SOBGE, B2 IP = — 3 (B |62,
n=1 1

1)

[

dB?
ZEtHGot I? < -~

where we used ||C~¥9f 2 < dBQ a.s. by (10). Hence E¢|e;|* < d(fj2 + BJQ/N) The same
argument applied to the scalar samples G 'n» usSing IE.[Vi] — Vi(6:)] < ¢1 and IGY | < By,
gives Ei[e?] < (?+4 B?/N. Substituting into (40) gives E,[E?] < €%. By Jensen’s iﬂequality,
E[Ey] < (E¢[E?]))Y/? < en. Finally, by Jensen’s inequality we have ||R(6;) — E¢[R(6;)]|| =

IE[R(6:) — R(6:)]|| < Ee[E:] < en-
|

Lemma 11 (®, function descent): Suppose that assumptions (i)-(iii) of Proposition 3
hold, fix k > u, and let ®,, Go and Lg be as defined in Proposition 3. If hy < 1/« then,

Loh? -
D, (041) < Ppe(6) — he||Rell? + MG Er + q;tHRtH? a.s. (41)

If moreover hy < 1/(2Lg), then @, (0141) < P(6;) — %HRtHQ + hGoFE; + Loh?E?.

Proof Throughout the proof, all gradients are evaluated at 8; unless stated otherwise. We
let Ay := 0411 —6; = hﬂét, and u; := u(6;) be the multiplier of (4) at 6;, which by Lemma 9
satisfies 0 < u; < u. No expectation is taken in this proof: all inequalities hold for every
realization with 6;,6,11 € © (by assumption, this means that all inequalities hold almost
surely).

Since 0;,0;41 € ©, © is convex and VVj is L;-Lipschitz on ©, (Nesterov, 2018, Lemma
1.2.3) gives, for j € {0,1},

Vi(0r11) < Vi(00) + VV;(0) T A+ 5 A2
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= V;(0) + heVV;(0:) TRy + heVVi(00) T (Re — Re) + 2| A2

By the Cauchy-Schwarz inequality and ||[VV;(6;)| < G, we have hyVV;(0;) T (Rs — Rs) <
hthEt, SO

Vi(0r1) < Vi(0) + heVVi(0) TRy + GiE + A2, je{0,1}.  (42)

The map [-]; is nondecreasing, subadditive ([a + b]4+ < [a]+ + [b]4), and satisfies [c]; = ¢
for ¢ > 0. Applying these properties to (42) with j = 1 (the last two terms there are
nonnegative) gives

Vi )]+ < [Vi(6s) + RV Vi) Rels + heGrE, + | A%,
Multiplying this inequality by x > 0 and adding (42) with j = 0 yields
2 A~
O (041) < Uy + hiGo By + 22| Ry |2, (43)

where
U, = Vp(6:) + htVVoTRt + &[V1(6) + htVVITRt}%

and we used Go = Go + kKG1, Lo = Lo + xL1 and ||A]]? = hf”ﬁtHQ The result follows if
we show that
U, < D, (0;) — htHRtHQ. (44)

To see this, note that by (4):
Vi(0:) + VWi Ry < (1 — ahg)Vi(0) — 254 | Re))> < (1 — ahy) VA (61). (45)
On the other hand, as shown in (Mestres et al., 2025a, Proposition IV.5 (i)) we have
hVVy Ry < —hyl| Ry | + up achy Vi (6y). (46)

Now we distinguish two cases:
Case V1(6;) < 0. Combining (45), (46), V1(6;) < 0 and the definition of [-] we get

Wy < Vo(0r) — he |Re|l” < () — bt | Re||,

where in the last inequality we used that [V;(6:)]+ > 0. Hence, (44) holds.
Case V1(6;) > 0. Combining (45) and (46) we get

Uy < Vol0y) — he||Re||? + wachy Vi (6;) + £V (60;) — kehy Vi (6y)
= Bpo(0;) — he|| Rel|” — (k — @) ahy Vi(8;) < () — e Re|?,

where the last inequality uses k > u. |

Proof [Proof of Proposition 3] (a) Summing the second inequality of Lemma 11 over ¢ =
0,...,K —1 and using ®,(0x) > ming V},

1 K—1 K-1 K-1
2 2702
3 2 he||Rell” < Ao + Go tz_; hiEi + Lo ; hi Bt (47)
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for every realization. Taking expectations and using E[F}] < ey, E[E?] < 3, (Lemma 10
and the tower property) and dividing by Hg /2 gives (19). For constant h, 2Leh < 1
gives (20).

(b) By Lemma 8 (and the convention for infeasible (11)), R lies in the closed ball with

center —VV1(6;)/8 and radius \/[D(6,)],. Since [|[VV1(8,)] < Vd By and [Vi(6,)] < B,

a.s. by (10), so \/[f)(@t)]Jr < \/dB%/BQ +2aB; /8 < VdB1/B + \/2aB; /B, which means
that ||R¢|| < 2v/dB1/B8 + \/2aB;/B a.s. Moreover, R is continuous on the compact set
© (by Lemma 10) and 6, € © as., so ||R¢] < maxe |R|| < co. Hence E; < |R¢|| +
|R:|| < E as. for a deterministic constant E. Hence, Dy = FE; — E;[E;] and D :=
E? — Ey[E?] are bounded martingale differences adapted to Fyy1. With Hyyq = > k<t i,
we have (hy/Hyy1)? < h(1/Hy — 1/Hyyq) for t > 1, s0 >, (he/Hi41)? < oo and therefore
the martingales >, -, (hx/Hg+1)Dks Y p<;(hr/Hg+1) D}, are bounded in L%, hence converge
a.s by (Durrett, 2010, Theorem 4.4.6). Since Hx — oo, Kronecker’s lemma (Durrett, 2010,
Theorem 2.5.9) yields

1 1 ,
H7K E ht_Dt — 0, H7K E h’tDt — O7 a.s.,
t<K t<K

so lim supy H—t{ Y e MiEy < ey and limsupy H—lK >icx ME} < % a.s. Dividing (47) by
Hg /2, using Loh?E? < 1h,E? and letting K — oo gives (21).

For the lim inf statement, fix a realization for which (21) holds, and let a; := ||R(6;)|> >
0 and ¢ := 2GgeN + E%V. Suppose, by contradiction, that liminf; ,,, a; > ¢. Then there
exist m > c and T € N such that a; > m for all ¢t > T'. Since a; > 0 and h; > 0, for every
K>T,

=

K- -1 Hy — Hy

1 1
— h > — h >
Hy tz:; tat = HKt tat = M Hy

Il
S

Since Hr is fixed and Hx — oo, the right-hand side converges to m as K — oo, so
lim sup g, o0 H—lK Zfi_ol hta; > m > ¢, which contradicts (21). Hence lim inf; o ||R(6;)[]* <
¢ for every realization for which (21) holds, i.e., almost surely. [ ]

Appendix G. Experiments reward definitions

Table 1 lists the reward terms for all experiments. Each term contributes w - r to the total
reward, where r is the expression shown and w its weight. All expressions are non-negative;
penalties carry negative weights.

For the humanoid squatting and crawling, terms follow BeyondMimic (Liao et al., 2025)
as implemented in mjlab (Zakka et al., 2026): p,, ¢, root position/orientation; p;, ¢;, vi,w;
position, orientation, linear and angular velocity of tracked body 4; d, geodesic quaternion
distance; cjoint soft joint-limit violation; F;; contact force on body h. Az = et — o U is
the mean over the IV, tracked bodies.

For the humanoid walking, generic terms follow (Rudin et al., 2022); the gait term fol-
lows (Siekmann et al., 2021). v} commanded forward speed; e,, e,, lateral and heading drift;
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5f, s} stride length and target; sy lateral stride offset; dr, dg left/right leg deviation; h;, h*

swing-foot height and target; ¢; contact of foot 4; td, i touchdown of foot #; gy ., projected

gravity in base frame; z, base height; G, (e) = e’/ (2"2); a— b denotes a curriculum.

For the Crazyflie experiment, p,v denote drone position and velocity, p™f the hover
target, d = ||p — p*!||, vy, wp body-frame linear and angular velocities, and a4, f; action and
acceleration at step t. V denotes a quadratic CLF on position and attitude errors and their
rates (Li et al., 2026); A = Amax(P), and Ap.x clips the decrease condition V < —0.02V.
CAPS (Mysore et al., 2021) uses pu; = p(s¢) policy mean action, € small random state
perturbation, sg[-] stop-gradient. We also denote by p;, v;, r; the center, velocity, and
radius of obstacle i; drone radius r = 0.05m safety margin m = 0.1m, cops = min; ||p; —
pll = (pi + 7+ m), and cCarena is the clearance to the arena boundary minus m. The safety
reward is Ry = 1 — TLH outside the safe set C = {min(cops, Carena) > 0} (Table 2); episodes
terminate only on contact. ésbs = max{0, min; minyep 1 [|(pi —p) +t(vi —v)|| = (ps +7+m)},
with 7 = 0.5 s, is the clearance predicted at constant relative velocity, so h>0onC.

Appendix H. Training details

Algorithm 1 proposes a practical implementation of RSGF-RL as used in Section 4. It
summarizes how the estimates V}, VV1 and VVO entering (11) are computed at each
iteration. At iteration ¢, the policy my, is rolled out in N parallel environments for 7
steps each (cf. Table 2); environments that terminate are reset and keep running, so each
environment produces a segment containing one or more, possibly partial, episodes. The
constraint estimates are built from the discounted cost-to-go of R; along these segments,
using a learned cost critic W, as the baseline b1 in (7). For the objective, instead of
forming a gradient explicitly, we run a standard PPO-clip update starting from 6, and
define VVO (0;) as the resulting parameter displacement divided by hy, so that —htVVo(Ot)
is exactly the PPO step. Although this quantity is not an unbiased estimate of VV;(6;) (as
it accumulates J Adam-preconditioned minibatch steps evaluated along the PPO iterates),
it is uniformly bounded, and hence satisfies (9)-(10) for some (o, and we have found works
well in practice. In this way, problem (11) acts as a filter on the PPO step: if £ = —Wo(ﬁt)
is feasible for (11), then R(6;) = —VV, (0¢) and the update coincides with the PPO iterate;
otherwise, the PPO step is replaced by ht’li(et).

In Algorithm 1, L¢P is as defined in (Schulman et al., 2017, Equation 9) and KL is the
KL divergence averaged over the rollout states. Adam uses gradient-norm clipping, and
its moment estimates are carried over across iterations. The cost critic Wy, has the same
architecture as the value critic and receives the same observations.

Regarding the baseline comparison in Figure 1(a), we point out that PPO-Lagrangian
follows the implementation in OpenAlI (2019) (Lagrange multiplier A = softplus(¥) initial-
ized to 1 and updated with Adam, learning rate 0.05), with all PPO settings matching the
PPO baselines in Table 2 and the cost limit applied to the mean per-step cost. On the
other hand, CPO (Achiam et al., 2017) uses the parameters in Table 3.
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(a) Humanoid squatting and crawling (motion tracking)

Term Expression Weight
Task reward Ro
2 2
Root position e~ l1APr7/03 0.5
Root orientation e da(@)"ar)?/0.47 0.5
Body position e~ 1apil?/0.52 1.0
Body orientation e~da(a}*"ai)?/0.47 1.0
Body lin. velocity e 1avill?/1.0° 1.0
Body ang. velocity e 1Awill?/3.142 1.0
Action rate lla: — at—1|)? —0.2
Joint limits Cjoint —-10
Self-collision S I max; || Fi || > 10] —10
Safety reward Ry
Base / head height R; in (23), § =0.1 -
(b) Humanoid walking
Term Expression Weight Term Expression ‘Weight
Task Posture / stability
Forward velocity Go, (V2 — vy) 1—3 Arm posture mean ((q — q*)2/02) -1
Straight line Go, (ey) Go, (ew) 1.5—3 Leg posture mean ((q — ¢*)*/o°) -0.7
Gait Lateral motion vf,y + vaz -0.5
Foot gait phase-dependent contacts 1 Orientation rate w2 + wi -1
Stride length Go.(sy — s}) ggz (zz) 1 Upright Go.15(||gb,ayll) 1.8
Leg symmetry e~ mean(dr+dr)"/ o5y 3 Base height Go.05(zp — 0.793) 1
Foot clearance > lhi — B [Peay | —2  Regularization
Foot slip > (IPe,eyll® +0.25w7 ) L, —1 Alive 1 0.05
Soft landing S I1E Leay —107%  Action lat])? —0.1
Action rate llat — as—1|? —0.15
Joint acceleration ||| —107°
Joint limits soft joint-limit violation —-0.5
Safety reward R1
Height / attitude / CoP R; in (23), 6 = 0.1 -
(c) Crazyflie obstacle avoidance
Term Expression Weight
Task reward Ro
ref
Settle (1 — tanh Hp—(+||) (1 — tanh %) 20
Target distance 10—-d 0.5
CLF e V/ (TN 10
CLF decrease clip gv +0.02V]4/Amax, 0, 1) -5
Lin. / ang. velocity [us||* / [lws]|? —0.01 / —0.02
Action rate llat — ai—1])? —0.01
Jerk B — Be—1]? —107*

Policy-loss regularization (CAPS)
Temporal / spatial [|ue — pe—1|* / [lu(se + €) — sglu(se)]|® 1/1

Safety reward Ry

Hazard proximity

Ry in (23) with § = 0.05 and 7 = min{6 ébs, 10 Carena } -

Table 1: Reward terms for all experiments.
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Squat./crawl.

Hum. walking

Drone flight

Training parameters
Actor/Critic MLP size
Activation function
Entropy coef.

Epochs / minibatches
J

E.

K Lmax

PPO learning rate”
PPO clip

Discount factor -y
GAE parameter A
Rollout (steps/env)
Parallel envs

Total environment steps
Safety constraint

(512, 256, 128)

ELU

0.005

5/4

20

4

0.08

107°

0.2

0.99

0.95

24

4096

~ (5.9/7.9) x 10®
Base height > 0.4 m /
Base and head < 0.2 m

(256, 128, 64)

ELU

0.003

5/4

20

4

0.08

3x 107"

0.2

0.99

0.95

32

2048

~ 5.2 x 10°

Base height > 0.67 m,
[roll| < 0.35 rad,
|pitch| < 0.50 rad, CoP
in support polygon

(256, 256, 256)

ELU

0.001

5/4

20

4

0.08

3x107*

0.2

0.99

0.95

24

8192

~ 7.9 x 10®

Distance to obstacles
and arena edge > 0.1 m

RSGF-RL parameters
{he}

«

B

constant, 0.5
2x107°
1

constant, 0.5
2x107°
1

constant, 0.15
0.1
1

Table 2: Training and RSGF-RL parameters for each experiment. All experiments use
observation normalization. *Adaptive, except for drone flight. The reported values refer to
the initial PPO learning rate.

Parameter Value Parameter Value
Returns and advantages Trust-region policy step

Reward discount ~y 0.99 KL trust-region limit § 0.01
Cost discount . 0.99 Conjugate-gradient iterations 15
Reward / cost GAE parameter A 0.95 / 0.95 Conjugate-gradient damping 0.1
Cost limit d 0 Fisher-vector-product subsampling 5
Critics I;ne—searci zttempts 012
Critic learning rate 1073 Hne-search cecay .
Critic epochs / minibatches 5/4

Table 3: CPO parameters for the squatting comparison in Figure 1(a).
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Algorithm 1 One iteration of RSGF-RL as implemented in Section 4

Require: Policy parameter 6;; cost critic Wy; PPO value critic and Adam state; stepsize

1:

10:
11:

12:

13:
14:
15:

16:

hy; parameters «, 3,
Rollout: for n € 1 : N, k € 0 : T, — 1, sample a} ~ my,(-|s}) and record
(sp,ap, i, ¢, di), where 1! = Ro(sp,apl, st ), ¢ = Ri(s},a},si,,), and d € {0,1}
indicates termination of an episode at step k
Cost-to-go: set Gl =0 and G = ¢ +v(1 —dp) Gy, for k=T, —1,...,0
Constraint value: V;(6,) = ﬁ 27]1\[:1 ngol G}
Cost critic: fit W, to the targets {G}'} by minimizing the squared error with E.
epochs of minibatch Adam
Constraint gradient:
VVi(0) = w7 Yok (G — Wi(s3)) Vologmg, (af | s)
PPO advantages: compute GAE advantages /1}3 from {r}'} and the value critic; set
00 = g,
for j=0,...,J -1 (J = epochs x minibatches) do
Obtain AUTY through Adam update on 6), using gradient of L¢P computed with
minibatch B;.
end for
Objective gradient: 6‘\/0(@) = —(9(‘]) — Ht)/ht
RSGF direction: compute R(6;) from (11) in closed form (Mestres et al., 2025b,
Lemma 3), or set R(6;) = —VV, (0¢)/B if (11) is infeasible
if £ = —Wo(Qt) is feasible for (11) then
0111 =0 (constraint inactive: R(6;) = —ﬁ/o(ﬂt))
else
Opr1 =0+ Jhﬂi(&t), where o = 27 and m is the smallest integer in 0 : 4 such that
KL(mg, || m6,,,) < KLmax (m = 4 if none)
end if
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