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Abstract— Control barrier functions (CBFs) have become
an important controller design tool for autonomous systems
subject to safety constraints. Despite their popularity, recent
works have shown that CBF-based controllers can destabilize
the internal dynamics of the system. In this paper, we consider
linear systems with affine safety constraints and design linear
feedback controllers that satisfy high-order CBF (HOCBF)
constraints while rendering the origin globally exponentially
stable. We first characterize the exact class of all linear gain
matrices that globally satisfy the HOCBF constraints, including
necessary and sufficient conditions for when this class is
nonempty. Then, by leveraging the recently introduced notion of
CBF output dynamics and CBF internal dynamics, we provide
the necessary and sufficient conditions for the existence of
stabilizing gain matrices within that class. Finally, we show
that Linear Quadratic Regulator (LQR) and robust control
problems can be solved while being constrained within this
class of safe and stabilizing gain matrices, through standard
linear control techniques such as algebraic Riccati equations
(AREs) and Linear Matrix Inequalities (LMIs). We illustrate
our results in a simulation example.

I. INTRODUCTION

Complex autonomous systems such as humanoid robots
or aerospace vehicles are subject to strict safety constraints.
Control barrier functions (CBFs) [1] have become a popular
tool to design controllers that satisfy such safety constraints,
and have been applied to a wide range of tasks including
humanoid walking [2] or aircraft flight [3], [4].

However, recent works [5]–[10] have shown that con-
trollers designed to satisfy CBF constraints can destabilize
the system dynamics. More concretely, [7]–[10] show that
these instabilities can arise even in the case where the con-
troller is designed through so-called CBF-based safety filters,
which minimally modify a nominal stabilizing controller to
satisfy the CBF constraints. Hence, despite their guaranteed
safety, this lack of stability guarantees compromises the use
of CBF-based controllers altogether.

Although the works [9]–[11] provide conditions for sta-
bility of the closed-loop system obtained from CBF-based
controllers, these can be conservative, specially for mul-
tiple CBF constraints. In general, the nonlinear nature of
the filtered controller significantly complicates the analysis
of the closed-loop dynamical properties and makes a full
characterization of the stability properties of safety filters an
open problem (even for linear systems and affine CBFs).

On the other hand, the nonlinear controllers obtained from
CBF-based safety filters pose a difficulty when analyzing
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robustness metrics for linear systems such as phase and
gain margins, since those are often defined for linear con-
trollers [12]. This presents a difficulty when implementing
safety filters in applications where such robustness metrics
need to be certified, such as flight control systems, where
they are increasingly being implemented [3], [4].

Motivated by the difficulty of studying the stability prop-
erties of safety filters and the nonlinear nature of their
induced controllers, in this paper we seek to find linear
controllers that simultaneously certify safety and stability. To
do so, we follow an approach closely aligned with the one
in [5], which draws inspiration from the input-output (IO)
linearization literature (cf. [13, Chapter 5]) and considers the
CBF as an output of the system. By doing so, the dynamics
can be rewritten as the union of the so-called CBF output
dynamics and CBF internal dynamics. This analysis shows
that the stability of the CBF internal dynamics guarantees the
stability of the full nonlinear control system under a CBF-
based controller.

The contributions of this paper are as follows. First, we
characterize the set of linear controllers that satisfy a set
of affine CBF constraints for a linear system. Second, we
specialize the analysis done in [5] for linear systems and
affine CBFs. In this case, we show that the CBF inter-
nal dynamics are linear, and we derive a characterization
of their stabilizability. This analysis reveals necessary and
sufficient conditions for the existence of linear stabilizing
controllers satisfying a set of CBF constraints, and provides
a characterization of all such controllers. Third, we use this
characterization to solve a Linear Quadratic Regulator (LQR)
problem to find the optimal controller within this set of safe
and stabilizing controllers, and show that the solution can
be obtained through an algebraic Riccati equation (ARE).
Fourth, we leverage robust control techniques to obtain linear
CBF-constrained controllers with provable gain and phase
margin guarantees through a set of convex constraints. 1

1Notation: Throughout the paper, we denote by N, Z>0 R, R≥0 the
set of natural, positive integer, real, and non-negative real numbers, respec-
tively. We use bold (respectively, non-bold) symbols to represent vectors
(respectively, scalars). Given n ∈ N, we let 0n be the zero vector in Rn

and write [n] = {1, 2, . . . , n}. A function α : R → R is of extended
class K if it is continuous, strictly increasing, and satisfies α(0) = 0.
Given a1, . . . ,am ∈ Rn, A = [a1; . . . ;am] ∈ Rm×n denotes the matrix
whose i-th row is ai (for i ∈ [m]). We denote by Sn++ ⊂ Rn×n the
set of n× n symmetric positive definite matrices. Given a complex-valued
matrix C̃ ∈ Cn×n, σ(C̃) denotes the maximum singular value of C̃. Given
G : C → Cn×n, we write ∥G∥∞ := sup

ω∈R
σ(G(jω)). Let k ∈ Z>0,

{ni ∈ Z>0}ki=1, and Ai ∈ Rni×ni for i ∈ [k]. Further let n̄ =
∑k

i=1 ni.
Then, Ā = blkdiag({Ai}ki=1) ∈ Rn̄×n̄ is the block diagonal matrix
formed by aligning the matrices {Ai}ki=1 along the diagonal of Ā.
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II. BACKGROUND

A. Control barrier functions for control-affine systems
Consider a control-affine system:

ẋ = f(x) + g(x)u, (1)

where x ∈ Rn is the state, u ∈ Rm the control input, and
f : Rn → Rn, g : Rn → Rn×m are sufficiently smooth.
We consider p ∈ N safety constraints defined by sufficiently
smooth functions {hi : Rn → R}pi=1 as:

C = {x ∈ Rn : hi(x) ≥ 0, ∀i ∈ [p]}. (2)

Ideally, we would like to enforce safety for system (1) by
designing a controller that renders C forward invariant. How-
ever, depending on the system dynamics and the constraint
functions, rendering all of C forward invariant may not be
possible. One concept that helps formalize this limitation is
the relative degree of the constraint function.

Definition 1. (Relative degree): A sufficiently smooth func-
tion h : Rn → R has relative degree r ∈ Z>0 on a set D with
respect to system (1) if, for each x ∈ D, LgL

r−1
f h(x) ̸= 0⊤

m

and LgL
k
f h(x) = 0⊤

m for all k < r − 1. ⋄

The high-order control barrier function (HOCBF) frame-
work provides a tool for enforcing safety constraints with an
arbitrary relative degree. The following HOCBF construction
produces a control invariant (when there are no input bounds)
set C̄i associated with each constraint hi.

Theorem 1. (HOCBF [14, Thm. 4]): Consider the control-
affine system (1) with a safety constraint C in (2). Assume
that, for each i ∈ [p], hi has relative degree ri ∈ N on Rn.
Given extended class-K functions {ᾱi,j}i∈[p],j∈[ri], define
recursively from hi,0(x) ≜ hi(x), for each j ∈ [ri − 1]:

hi,j(x) ≜ Lfhi,j−1(x) + ᾱi,j(hi,j−1(x)). (3)

Then, with Ci,j ≜ {x ∈ Rn : hi,j(x) ≥ 0}, their set intersec-
tion C̄i ≜

⋂ri−1
j=0 Ci,j is control invariant. Furthermore, any

locally Lipschitz controller k : Rn → Rm simultaneously
satisfying HOCBF constraints:

Lfhi,ri−1(x) + Lghi,ri−1(x)k(x) + ᾱi,ri(hi,ri−1(x)) ≥ 0,
(4)

for all i ∈ [p] and x ∈ C̄ ≜
⋂p
i=1 C̄i ⊆ C renders C̄ forward

invariant for the closed-loop system with feedback u = k(x).

In general nonlinear settings, designing controllers that
satisfy all HOCBF constraints (4) can be challenging, es-
pecially when stability is also considered, see [6]–[9], [15].

B. Linear systems with affine constraints
Given the difficulty of designing safe and stabilizing con-

trollers for general nonlinear systems, we focus throughout
the rest of the paper on linear systems:

ẋ = Ax+Bu, (5)

with A ∈ Rn×n and B ∈ Rn×m. We further assume that
hi(x) = c⊤i x+ di is affine in the state x, with ci ∈ Rn and
di ∈ R, and that hi has relative degree ri.

In this setting, the stability of the equilibrium x⋆ = 0 is
well understood under linear state-feedback u = −Kx, i.e.,
the origin is globally exponentially stable (GES) if and only
if A − BK is Hurwitz. Motivated by this linear feedback
characterization, we choose the functions ᾱi,j(y) = αi,jy
to be linear with slopes αi,j > 0 so that the intermediate
auxiliary functions (3) are affine in the state x. In particular,
defining Φi,j(A) =

∏j
l=1(A + αi,lIn), we have hi,j(x) =

c⊤i Φi,j(A)x+ di
∏j
l=1 αi,l [9, Lemma 2]. Furthermore, the

HOCBF constraint (4) reads as:

c⊤i Φi(A)x+ c⊤i A
ri−1Bu+ αidi ≥ 0, i ∈ [p]. (6)

where Φi ≜ Φi,ri and αi ≜
∏ri
j=1 αi,j are introduced

for compactness of the presentation. With the HOCBF con-
straints, we seek to solve the following problem.

Problem 1. Characterize necessary and sufficient conditions
under which there exists a gain matrix K ∈ Rm×n such
that the linear feedback u = −Kx satisfies HOCBF con-
straints (6) for all x ∈ Rn while rendering the origin GES.

Although Theorem 1 only requires the HOCBF constraints
to be satisfied in C̄ to ensure its forward invariance, Prob-
lem 1 imposes the constraints globally (for all x ∈ Rn). This
stronger requirement is motivated by the fact that HOCBF
constraints outside C̄ guarantee asymptotic stability of C̄
(cf. [16, Proposition 3]), as well as a robust notion of safety,
referred to as input-to-state safety [17]. Additionally, the
requirement of global satisfaction of the HOCBF conditions
makes the controllers globally defined and significantly sim-
plifies the results in the paper.

C. Optimal and robust linear controllers

Provided that Problem 1 admits a non-empty class of linear
controllers, we next consider how to select among them
according to performance and robustness criteria. A natural
performance metric is the trajectory quadratic cost:

J(x0,k) =

∫ ∞

0

(
x(t)⊤Qx(t) + k(x(t))⊤Rk(x(t))

)
dt

evaluated over the trajectory t 7→ x(t) of (5) from the
initial condition x0 ∈ Rn under feedback policy u = k(x),
with Q ∈ Sn++ and R ∈ Sm++. In the unconstrained LQR
problem, there exists a single linear feedback policy that
minimizes this cost for every initial condition. However,
when constraining the controller to satisfy the HOCBF
constraints (6), an optimal safe feedback policy k need not
be linear, and even if it is constrained to be linear, it is
unclear whether the optimal solution is independent of the
initial condition x0.

Problem 2. Given {αi,j}i∈[p],j∈[ri], let M ⊆ Rm×n denote
the set of gain matrices K such that u = −Kx renders the
origin GES and globally satisfies the HOCBF constraints (6).
Characterize a gain matrix K⋆ ∈ M such that:

J(x0,x 7→ −K⋆x) = min
K∈M

J(x0,x 7→ −Kx), ∀x0 ∈ Rn.

For robustness, we consider matched disturbances d ∈ Rm
in the dynamics: ẋ = Ax + B(u + d). With the feedback



convention u = −Kx, and assuming A−BK is Hurwitz, the
corresponding input sensitivity transfer matrix from control
feedback, from d to u+ d, is:

SK(s) = I−K(sI− (A−BK))−1B. (7)

For SISO systems, if ∥SK∥∞ < γ, the phase margin is
lower bounded by 2 arcsin( 1

2γ ) and the gain margin is lower
bounded by γ

γ−1 [18] (see [19] for MIMO systems).

Problem 3. Let γ > 1. Characterize the existence of a gain
matrix K ∈ M such that ∥SK∥∞ < γ.

III. LINEAR CONTROLLERS FOR HOCBF CONSTRAINTS

In this section, we characterize the set of linear feedback
controllers that globally satisfy the HOCBF constraints (6).
Here we focus only on safety. For each i ∈ [p], we use the
shorthand notation ℓi ≜ B⊤(Ari−1)⊤ci for the constraint
normals in (6). We begin our exposition with the case where
the vectors {ℓi}pi=1 are linearly independent, and the linearly
dependent case is handled later.

A. Linearly independent constraint normals
When {ℓi}pi=1 are linearly independent, the matrix L ∈

Rm×p with columns {ℓi}pi=1 is full rank. Let L⊥ ∈
Rm×(m−p) be a matrix whose columns are a basis for
ker(L⊤) (cf. [20, Section 0.6.6]). Then we can decompose
the control input u = Lν + L⊥ũ, where ν ∈ Rp, ũ ∈
Rm−p. Under this decomposition, the HOCBF constraints (6)
depend only on the ν component as:

µi(x,ν) ≜ c⊤i Φi(A)x+ ℓ⊤i Lν + αidi ≥ 0.

This reformulation leads to the following characterization.

Proposition 2. (Linear controllers satisfying linearly in-
dependent HOCBF constraints): Consider (5) with a safe
set C in (2) defined by {hi}pi=1. Suppose that {ℓi}pi=1 are
linearly independent. Then there exists K ∈ Rm×n such
that u = −Kx satisfies all p HOCBF constraints (6) for
all x ∈ Rn if and only if di ≥ 0 for all i ∈ [p]. In
particular, the set of all such gain matrices is given by:
{K ∈ Rm×n : K = K0 + L⊥K̃, K̃ ∈ R(m−p)×n} where
K0 = L(L⊤L)−1C̃ and C̃ = [c⊤1 Φ1(A); . . . ; c⊤p Φp(A)].

Proof. Under feedback u = −Kx, we have µi =
(c⊤i Φi(A)− ℓ⊤i K)x+αidi, which necessarily requires that
v̄⊤ = c⊤i Φi(A) − ℓ⊤i K = 0⊤

n . Indeed, if this was not the
case, we would have a point of the form x = −tv̄, with
t > 0 sufficiently large (t > αidi

∥v̄∥2 ), for which µi < 0, which
would violate the i-th HOCBF constraint. As such, di ≥ 0
is required for HOCBF constraints to hold. In addition, K
must be the solution to C̃ = L⊤K. Now, because

[
L L⊥

]
is invertible, we may uniquely express any valid solution
of C̃ = L⊤K as K = LKp + L⊥K̃, with Kp ∈ Rp×n
and K̃ ∈ R(m−p)×n. Then, C̃ = L⊤K simplifies to C̃ =
L⊤LKp, which implies that K = K0 + L⊥K̃ for some
K̃ ∈ R(m−p)×n, from where the result follows.

Proposition 2 characterizes the set of linear controllers
that satisfy the HOCBF constraints (6) under the assumption
that {ℓi}pi=1 are linearly independent. Such controllers exists

under the necessary and sufficient condition: di ≥ 0 for all
i ∈ [p], which implies the origin is in the safe set (2).

Remark 1. (Origin in the safe set): Since hi(x) = c⊤i x+di,
the condition di ≥ 0 is equivalent to 0 ∈ Ci. Moreover,
because αi,j > 0 is positive for all j ∈ [ri], the condition is
also equivalent to the origin being in the HOCBF safe set,
i.e., 0n ∈ C̄i. Indeed, since we seek to stabilize the system to
the origin while rendering C̄ forward invariant, the condition
is necessary for the safe stabilization problem, and it often
holds in practice. •

B. Linearly dependent constraint normals

Here we consider p̄ HOCBF constraints, where in general,
the normals {ℓi}p̄i=1 could be linearly dependent. Neverthe-
less, we assume without loss of generality that the first p ≤ p̄
vectors {ℓi}pi=1 are linearly independent, and {ℓi}p̄i=p+1 are
linear combinations of {ℓi}pi=1. The following result extends
Proposition 2 to this setting.

Proposition 3. (Linear controllers satisfying HOCBF con-
straints): Consider (5) with safe set C in (2) defined by
{hi}p̄i=1. There exists K ∈ Rm×n such that u = −Kx
satisfies all p̄ HOCBF constraints (6) for all x ∈ Rn if
and only if di ≥ 0 for all i ∈ [p̄] and the compatibility
requirement c⊤i Φi(A)−ℓ⊤i K0 = 0 holds for all i ∈ [p̄]\ [p].
In particular, the set of all such matrices is: {K ∈ Rm×n :
K = K0 + L⊥K̃, K̃ ∈ R(m−p)×n}.

Proof. By the same proof as in Proposition 2, since {ℓi}pi=1

are linearly independent, the set of linear controllers satis-
fying the HOCBF conditions for i ∈ [p] is exactly as stated
if and only if di ≥ 0 for all i ∈ [p]. Now let i ∈ [p̄] \ [p].
The same argument as in the proof of Proposition 2 requires
that c⊤i Φi(A)− ℓ⊤i K = 0. Then since K = K0 + L⊥K̃ is
necessary and ℓ⊤i L⊥ = 0 from linear dependency, we have
the compatibility requirement as stated.

Proposition 3 provides necessary and sufficient conditions
for the existence of a linear feedback controller satisfying
all HOCBF constraints globally. These involve the origin
being in the safe set and a compatibility condition for linearly
dependent constraints. Moreover, it completely characterizes
the set of such controllers. This concludes our safety portion
of the analysis.

Remark 2. (Box constraints): A common source of linearly
dependent HOCBF constraints arises from box constraints
on state variables. Consider a pair of constraints with indices
i1, i2 ∈ [p̄] such that ci2 = −ci1 and di1 = −di,min, di2 =
di,max. In this case, Proposition 3 requires that di,min ≤ 0 ≤
di,max, i.e., the origin is in the box constraint. Moreover,
the requirement c⊤i2Φi2(A) − ℓ⊤i2K0 = 0⊤

n is automatically
satisfied if αi1,j = αi2,j for each j ∈ [ri1 ]. •

IV. HOCBF-BASED STABILIZING CONTROLLERS

In this section we characterize the set of controllers that
not only satisfy the HOCBF conditions (6) but also stabilize
the origin for system (5). In order to cleanly derive the
conditions, we follow an approach similar to that of [5]



and write the dynamics (5) in the CBF output form (cf. [5,
Definition 6, 7]), which facilitates our ensuing analysis.

A. Linear Dynamics in CBF Output Form

Consider p̄ HOCBF constraints (6) where the first p
constraints are linearly independent while the rest are linear
combinations of them. The following is a key technical result
for our coordinate transformation into CBF output form.

Lemma 4. Suppose {ℓi}pi=1 are linearly independent. Then,
the vectors W := {ci,Φi,1(A)⊤ci, . . . ,Φi,ri−1(A)⊤ci}pi=1

are linearly independent.

Proof. Since L is full column rank, the matrix defined
in [13, Equation 5.2]) is precisely L⊤L, which is nonsingular.
Therefore, {hi}pi=1 has vector relative degree (r1, . . . , rp) for
system ẋ = Ax + BLν. Then, by [13, Lemma 5.1.1], the
vectors W̄ := {ci,A⊤ci, . . . , (A

⊤)ri−1ci}pi=1 are linearly
independent. Now, with an invertible transformation from W̄
to W (cf. [5, Equation 15]), the result follows.

By Lemma 4, the HOCBF auxiliary functions hi,j are
linearly independent, so there exists an affine coordinate
transformation from (5) to the the coordinates defined by hi,j
(along with some internal variables complementing them).
Since our goal is to study the stability of the origin, we will
instead only use a linear (instead of affine) transformation.
This results in shifted CBF output coordinates that preserve
the origin as the desired equilibrium point.

Let Tψ ∈ Rn×r be a full column rank matrix whose
columns are the vectors in W (as defined in Lemma 4) with
r :=

∑p
i=1 ri ≤ n. On the other hand, let Tη ∈ Rn×(n−r)

be a full column rank matrix such that T⊤
ψTη = 0r×(n−r)

(i.e., Tη is selected so that its columns span ker(T⊤
ψ)). This

completes the linear transformation x 7→ (T⊤
ψx;T

⊤
η x) =

(ψ,η). Here, ψ ∈ Rr is an aggregate of ψi ∈ Rri such that
ψi,j = c⊤i Φi,j(A)x for j ∈ {0} ∪ [ri − 1]. Then for i ∈ [p]
and j ∈ [0] ∪ [ri − 2], we have the dynamics:

ψ̇i,j= ḣi,j=hi,j+1(x)−αi,j+1hi,j(x)=ψi,j+1−αi,j+1ψi,j ,

ψ̇i,ri−1(x) = ḣi,ri−1(x) = µi − αidi − αi,riψi,ri−1,

for which we can write compactly as:

ψ̇i = Ψiψi +Bψi
µ̄, (8)

where Ψi ∈ Rri×ri is such that (Ψi)jj = −αi,j for
j ∈ [ri], (Ψi)j,j+1 = 1 for j ∈ [ri − 1], and (Ψi)jk = 0
for other j, k ∈ [ri]. The matrix Bψi

has 1 in its (ri, i)-
th entry and 0 for all other entries. We have also defined
µ̄ ≜ [µ1 − α1d1; . . . ;µp − αpdp] ∈ Rp. Note that ν can be
expressed in terms of µ̄ as ν = (L⊤L)−1(µ̄ − C̃x), with
C̃ = [c⊤1 Φ1(A); . . . ; c⊤p Φp(A)].

Next, we construct the dynamics for the η coordinates.
Noting that Tψ and Tη are orthogonal and together form a
basis, the inverse transformation is x = Tψ(T

⊤
ψTψ)

−1ψ +

Tη(T
⊤
ηTη)

−1η. Together with η̇ = T⊤
η ẋ, we derive:

ψ̇ = Ψψ +Bψµ̄, (9a)

η̇ = Γψψ + Γηη + Γµµ̄+T⊤
ηBL⊥ũ, (9b)

where: Ψ = blkdiag({Ψi}pi=1), Bψ = [Bψ1
; . . . ;Bψp

],

Γψ = ÂTψ(T
⊤
ψTψ)

−1,Γη = ÂTη(T
⊤
ηTη)

−1,

Γµ = T⊤
ηBL(L⊤L)−1, Â = T⊤

ηA−T⊤
ηBL(L⊤L)−1C̃,

Note that since the maps x → (ψ,η) and u → (ν, ũ) are
invertible, the stabilizability properties of (9) are equivalent
to those of (5). This observation will be leveraged next.

B. Stabilizability with HOCBF constraints
Since Proposition 3 characterizes the set of all gain matri-

ces for which the HOCBF constraints (6) hold globally, safe
stabilization can be achieved by selecting a gain matrix K
from this set such that A −BK is also Hurwitz. Here, we
leverage the shifted CBF output form (9) to solve Problem 1.

Theorem 5. (Conditions for safe stabilizability with linear
controllers): Consider (5) with safe set in (2) defined by
{hi}p̄i=1. Assume that {ℓi}pi=1 are linearly independent and
{ℓi}p̄i=p+1 are linear combinations of {ℓi}pi=1. There exists
K ∈ Rm×n with u = −Kx satisfying all p̄ HOCBF
constraints (6) for all x ∈ Rn and renders 0n GES if and
only if:

1) di ≥ 0 for all i ∈ [p̄];
2) c⊤i Φi(A)− ℓ⊤i K0 = 0⊤

n holds for all i ∈ [p̄] \ [p];
3) (Γη,T

⊤
ηBL⊥) is stabilizable (or equivalently, (A −

BK0,BL⊥) is stabilizable).
In particular, the set of all such matrices is {K ∈ Rm×n :
K = K0 + L⊥K̃, K̃ ∈ R(m−p)×n, A−BK Hurwitz}.

Proof. When u = −Kx, as shown in the proof of Proposi-
tion 3 we have v̄⊤ = c⊤i Φi(A) − ℓ⊤i K = 0⊤

n . Hence, we
necessarily have µi = αidi for all i ∈ [p̄], and µ̄ = 0.
Further, since x 7→ (ψ,η) and the input decomposition
u = Lν + L⊥ũ are invertible linear mappings, there exist
K1 ∈ R(m−p)×r and K2 ∈ R(m−p)×(n−r) such that ũ =
−K̄1ψ − K̄2η, and the dynamics (9) take the form:(
ψ̇
η̇

)
=

(
Ψ 0r×(n−r)

Γψ −T⊤
ηBL⊥K̄1 Γη −T⊤

ηBL⊥K̄2

)
︸ ︷︷ ︸

Γ

(
ψ
η

)
.

(10)

Note that Ψ is Hurwitz (because its diagonal blocks Ψi are
Hurwitz). Hence, Γ is Hurwitz if and only if there exists K̄2

such that Γη − T⊤
ηBL⊥K̄2 is Hurwitz. This occurs if and

only if (Γη,T⊤
ηBL⊥) is stabilizable. Finally, note that since

x 7→ (ψ,η) and u 7→ (ν, ũ) are invertible, (Γη,T⊤
ηBL⊥)

is stabilizable if and only if there exists K̃ such that A −
B(K0 + L⊥K̃) is Hurwitz, which is equivalent to (A −
BK0,BL⊥) being stabilizable.

Theorem 5 provides a characterization of the set of lin-
ear stabilizing controllers that satisfy (6). It also provides
necessary and sufficient conditions under which this set is
non-empty. In the case m = p (if 1 and 2 hold), it ensures
that u = −K0x is the only linear controller satisfying (6)
globally, and that it is stabilizing if and only if Γη is Hurwitz.

Remark 3. (Nonlinear controllers): When conditions in
Theorem 5 do not hold, nonlinear safe stabilizing controllers



may still exist. In fact, [21, Theorem 3.6] characterizes the
exact conditions under which system (9) (with the constraint
µi ≥ 0 for all i ∈ [p]) is stabilizable (with potentially
nonlinear locally integrable open-loop control signals). Un-
fortunately, a constructive method to obtain such controller is
not provided. However, the conditions in [21, Theorem 3.6]
can be used to rule out the stability of CBF-based safety
filters (cf. [8], [9]). •

V. OPTIMAL AND MARGIN-CERTIFIED CONTROLLERS

We now address Problems 2 and 3. The following result
shows that Problem 2 can be solved through a single ARE.

Theorem 6. (Optimal safe and stable linear controller):
Suppose that the necessary and sufficient conditions for
linear safe stabilization in Theorem 5 hold and that p < m.
Given Q ∈ Sn++, R ∈ Sm++, define As = A − BK0,
Bs = BL⊥, Qs = Q + K⊤

0 RK0, Ss = −K⊤
0 RL⊥,

Rs := L⊤
⊥RL⊥. Let P = P⊤ ≻ 0 denote the unique

solution of the generalized ARE:

A⊤
s P+PAs−(PBs+Ss)R

−1
s (B⊤

s P+S⊤
s )+Qs = 0n×n.

Then, the solution for Problem 2 is given by:

K⋆ = K0 + L⊥R
−1
s (B⊤

s P+ S⊤
s ).

Proof. From Theorem 5, the feedback is given by u =
−K0x + L⊥ũ, where ũ ∈ Rm−p is a new linear control
input, rewriting the cost function as:

x⊤Qx+ u⊤Ru =
[
x⊤ ũ⊤] [Qs Ss

S⊤
s Rs

]
︸ ︷︷ ︸

Ms

[
x
ũ

]
.

Since R ≻ 0 and L⊥ has full column rank, Rs ≻ 0.
Thus, Problem 2 is a continuous-time LQR problem for ẋ =
Asx+Bsũ, with a state-control cross term [22, Section 3.4].
Moreover, Theorem 5 implies that (As,Bs) is stabilizable.
Since the original running cost is positive definite in (x, ũ),
we have Ms ≻ 0, and therefore, by the Schur complement,
Qs − SsR

−1
s S⊤

s ≻ 0. Hence, standard generalized LQR
theory guarantees a unique stabilizing solution P = P⊤ ≻ 0
of the generalized ARE, yielding ũ⋆ = −R−1

s (B⊤
s P+S⊤

s )x.
Finally we have u = −K0x+ L⊥ũ

⋆ = −K⋆x.

Theorem 6 gives the LQR-optimal controller within the
class of globally safe linear feedback laws. Unfortunately,
since the proof relies on solving an ARE for a modified
system with input matrix BL⊥ (instead of B), the standard
phase and gain margins associated with LQR controllers
(cf. [23, Section 14.4]) do not necessarily hold, since the
input disturbance could enter through channels outside the
span of L⊥. Next, we design a controller that globally
satisfies the HOCBF constraints and has certified gain and
phase margins, i.e., solving Problem 3. The following result
gives a convex synthesis condition for such robust controller.

Proposition 7. (Safe controller with certified stability mar-
gins): Suppose that the necessary and sufficient conditions
for linear safe stabilization in Theorem 5 hold. For a given

γ > 1, Problem 3 admits a solution if and only if there exist
X ∈ Sn++, Y ∈ Rm×n such that:AX+XA⊤ −BY −Y⊤B⊤ B −Y⊤

B⊤ −γIm Im
−Y Im −γIm

 ≺ 0,

(11a)
L⊤Y = C̃X. (11b)

In which case, K = YX−1 solves Problem 3.

Proof. For K = YX−1, let AK = A − BK and P =
X−1/γ ≻ 0. A congruence transformation of (11a) with
blkdiag(X−1, Im, Im), followed by division by γ, givesA⊤

KP+PAK PB −K⊤/γ
B⊤P −Im Im/γ
−K/γ Im/γ −Im

 ≺ 0.

Taking the Schur complement of the lower-right block gives
the strict bounded-real LMI [24, Sec. 2.7.3] for the real-
ization (AK,B,−K/γ, Im/γ) of γ−1SK. Therefore, AK

is Hurwitz and ∥SK∥∞ < γ. Under the assumptions of
Theorem 5, Proposition 3 implies that u = −Kx satisfies
all HOCBF constraints globally if and only if L⊤K = C̃.
Since Y = KX, this is equivalent to L⊤Y = C̃X.

Conversely, suppose that Problem 3 admits a solution
K ∈ M. By the strict bounded-real lemma, there exists
P ≻ 0 satisfying the LMI above. Setting X = (γP)−1 and
Y = KX and reversing the preceding transformations yields
(11a). Moreover, L⊤K = C̃ implies (11b).

Thus, a safe controller with certified stability margins can
be computed by minimizing γ subject to (11a) and (11b). The
equality constraint enforces nominal HOCBF safety, while
the LMI certifies robust stability margins. Alternatively, one
can also fix a desired value of γ and solve the feasibility
problem of finding X,Y satisfying (11a) and (11b).

VI. NUMERICAL EXAMPLE

Here we apply the results of the paper to the roll-yaw dy-
namics of a mid-size aircraft around an operating point with
velocity 717.17 ft/sec, altitude 25000 ft and angle of attack
4.5627◦ [25, Section 14.8]. The state is x = [β, ps, rs]

⊤,
where β is sideslip (rad), and ps, rs are roll and yaw rates
(rad/s). The inputs are aileron and rudder deflections δa and
δr (rad). The dynamics are linear as in [26, Section 5.2].
We consider constraints on the roll rate ps of the form
c1 = [0,−1, 0], d1 = 0.4, c2 = [0, 1, 0], d2 = 0.4. Our goal
is to regulate ps to a desired piecewise constant commanded
signal ycmd : R≥0 → R. To do so while respecting the
safety constraints we project ycmd onto the safe set. Given
that there are multiple solutions to the equilibrium equation
Ax⋆ + Bu⋆ = 03, with x⋆ = [x1,⋆, ȳcmd(t), x3,⋆] and
x1,⋆, x3,⋆,u⋆ unknowns, we select the one with minimum
norm. In this case, r1 = 1 and therefore the CBF zero
dynamics in (9) are two-dimensional (η ∈ R2) with a
one-dimensional control input (ũ ∈ R). In this case, the
matrix Γη is Hurwitz and therefore the pair (Γη,T⊤

ηBL⊥) is
stabilizable, which by Theorem 5 means that the set of linear
controllers that globally exponentially stabilize the origin and
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Fig. 1: Reference tracking for roll-yaw dynamics example with LQR con-
troller K⋆ = [0.8293, 0.0506,−0.3042;−0.1506,−0.0171,−0.8197].
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Fig. 2: Gain (left) and phase (right) margin illustrations
for the reference tracking roll-yaw dynamics example with
the robust controller from Proposition 7, which is K =
[0.8732, 0.0551,−0.0674;−0.0205,−0.0037,−0.1176].

satisfy the CBF condition is non-empty. We implement the
LQR problem in Theorem 6 with Q = I3 and R = I2.
Figure 1 showcases the evolution of the state variables for
a reference tracking task for this LQR controller. We also
implement the robust controller from Proposition 7 with
γ = 5. Although an upper bound on ∥SK∥∞ of γ = 5
only guarantees gain margin in an interval [0.83, 1.25] and a
minimum phase margin of 11.48◦ according to the formulas
detailed in Section II-C, Figure 2 shows that in practice the
gain and phase margins are up to 2 and 60◦ respectively.

VII. CONCLUSIONS

We have studied the existence of linear controllers achiev-
ing simultaneous satisfaction of a set of HOCBF constraints
and stabilization of a linear plant. By leveraging the concept
of CBF output dynamics, we have provided an explicit
characterization of such class of controllers, and necessary
and sufficient conditions under which it is non-empty. Addi-
tionally, we have shown how to solve LQR and robust control
problems within this class of controllers. Future work will
seek to extend these ideas to nonlinear systems.
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