Dynamical Properties of Safety Filters for Linear Systems
and Affine Control Barrier Functions

Pol Mestres, Shima Sadat Mousavi, and Aaron D. Ames

Abstract—This letter studies the dynamical properties of
safety filters designed based on Control Barrier Functions
(CBF). This mechanism, which is popular in safety-critical
applications, takes a nominal controller and minimally modifies
it to render it safe. Although CBF-based safety filters make the
closed-loop system safe, characterizing their additional dynam-
ical properties, such as stability, boundedness, or existence of
spurious equilibria, remains a challenging problem. Here, we
address this problem for the case of linear systems and an
affine CBF constraint. We provide conditions under which the
closed-loop system presents undesired equilibria, unbounded
trajectories, or the origin is globally exponentially stable.

Index Terms— Safety-critical control, stability of nonlinear
systems, Lyapunov methods.

I. INTRODUCTION

Modern engineering systems such as aerospace vehicles
and humanoid robots are subject to strict safety requirements
during operation. Control theory formalizes such safety spec-
ifications by requiring that the state of the system remains
within a prescribed region. Different techniques have been
developed to achieve this, including control barrier functions
(CBFs) [1], model predictive control [2], Hamilton—Jacobi
reachability [3], and reference governors [4].

Here we focus on a particular approach to design safe
controllers referred to as CBF-based safety filters. This
mechanism minimally modifies a nominal (potentially un-
safe) controller at every state in order to make it safe. The
resulting safe controller can be obtained at every point as
the solution of an optimization problem, which is a quadratic
program (QP) if the dynamics are control-affine [5], in which
case it can be expressed in closed-form [6]-[9].

Despite the widespread application of CBF-based safety
filters for a wide range of tasks such as adaptive cruise con-
trol [10], bipedal robotic walking [11], or aircraft flight [12],
the recent works [6], [13]-[15] have shown that the closed-
loop system obtained from CBF-based safety filters can
exhibit a variety of undesired behaviors, such as unbounded
trajectories, limit cycles, or undesired equilibria (i.e., equilib-
ria that do not exist in the nominal system). In particular, [6]
studies the problem by adding a control Lyapunov function
(CLF) constraint on the safety filter, which introduces a dif-
ferent set of undesired equilibria, and only local asymptotic
stability of desired equilibria is shown. In this paper, we
study the safety filter without the CLF constraint. In general,
a full characterization of the dynamical properties produced
by CBF-based safety filters, as well as design principles
that ensure that they lead to desirable dynamical behaviors
remains an important open research problem.

In this paper, we study the problem in the case where the
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Fig. 1.  Overview of the paper. A CBF-based safety filter modifies stable
nominal linear dynamics under an affine constraint. Depending on the active-
mode spectrum and its compatibility with the nominal mode, the resulting
piecewise-affine closed loop may be globally exponentially stable, exhibit
undesired equilibria, or have unbounded trajectories.

dynamics are linear and the safety constraints are affine in the
system state. Although there exist computationally tractable
techniques for reachability analysis of linear systems [16],
[17], solving constrained optimal control problems is often
still difficult [3], and hence justifies the use of CBF-based
safety filters. Additionally, this setting is particularly relevant
in applications such as aerospace control [18], where control
designs are implemented to linearized models of the aircraft’s
full dynamics. Moreover, the development of these results
in the linear case paves the way to establishing analogous
results for general nonlinear systems.

The contributions of the paper are as follows. First, by
exploiting the closed-form solution of the safety filter, we
show how the different parameters affect the eigenstructure
of the matrix defining the dynamics when the filter is active
(i.e., the active-mode matrix), which plays an important
role in the results of the paper. Second, we provide a
characterization of the set of undesired equilibria, and show
that their existence is related to the parity of the number of
positive real eigenvalues of this matrix. Third, we provide



spectral conditions, involving the active-mode matrix and
its compatibility with the nominal mode, that ensure that
the origin is globally exponentially stable (GES). We also
show that if this matrix has positive real eigenvalues, then
the closed-loop system has unbounded trajectories. Fourth,
we interpret these conditions through the invariant zeros
of an appropriately defined linear single-input single-output
(SISO) system. Finally, we show that designing a nominal
linear controller that renders the filtered system GES can be
cast as a linear matrix inequality (LMI). We illustrate our
results in different simulations.

II. BACKGROUND

Here we revisit basic notation, CBFs, and introduce the
problem we seek to solve in this paper.

Notation: We denote by N, R, R>( the set of natural, real
and non-negative real numbers, respectively. We use bold
(resp. non-bold) symbols to represent vectors (resp. scalars).
Given n € N, we let 0,, be the n-dimensional zero vector and
[n] = {1,...,n}. For a set S C R™, Int(S) and OS denote
the interior and boundary of the set S. For a matrix G €
R™*"_ det(G), adj(G), and spec(G) denote its determinant,
adjoint matrix, and spectrum, respectively. For x € R", and
a positive-definite matrix G € R"*", [|x| o = VxTGx. A
function o : R>o — Ry is of class K if it is continuous,
strictly increasing, and satisfies «(0) = 0. Given a linear
system x = Ax + Bu, with x € R", u € R™, and output
y = Cx, with y € RP, we say that z € C is an invariant zero
A-zI B

C 0
m. For z € R, sign(z) = 1 if z > 0, sign(z) = —1 if 2 <0,
and sign(z) = 0 if z = 0. We say that the matrices A, Ay
have a common quadratic Lyapunov function (CQLF) if x =
A x, x = Asx have one such function.

Consider a control-affine system:

of this linear system (A, B, C) if rank < n+

x = f(x) + g(x)u, (1)

where x € R” is the state, u € R™ the control input,
and f : R" — R", g : R* — R™ ™ are locally
Lipschitz. Let A : R® — R be continuously differentiable,
and C = {x € R” : h(x) > 0} be a safe set. We are
interested in designing a controller that renders C forward
invariant. If h has relative degree one, this can be achieved
through control barrier functions (CBFs) [5]. In the case
where h has arbitrary relative degree, CBFs are generalized
through high-order control barrier functions (HOCBFs) [19].
The following result recalls its construction and the safety
guarantee they provide.

Theorem 1: (HOCBF [19, Theorem 4]): Let h : R™ — R
be a continuously differentiable function defining a set C =
Co = {x € R™ : h(x) > 0}. Suppose that h has relative
degree 7 € N in R" and define ho(x) = h(x) and h;(x) =
hi—1(x) 4+ @;(hi—1(x)) for i € [r — 1] with &; an extended
class KC function. Further let C; = {x € R™ : h;(x) > 0} for
i € [r — 1]. Then,

thrfl(x> + Lghrfl(x)u + dr(hrfl(x)) > 07 (2)

(with «,. a class K function) is feasible for all x € R™ and
any locally Lipschitz controller satisfying (2) in C := ﬁ;;&C,»
renders C forward invariant.

We note that the fact that (2) is feasible for all x € R"
is guaranteed by the fact that h has relative degree r in
R” (and hence, LgL; 'h(x) # 0,, for all x € R"). As
shown in Theorem 1, the key property of HOCBFs is that
any locally Lipschitz controller satisfying (2) renders the set
C C C forward invariant. A common mechanism to design
such controller is through safety filters. Given a nominal
controller k : R® — R™ (often with desirable properties
such as asymptotic stability or optimality) and G > 0, safety
filters construct a safe controller u* as follows:

o1
u*(x) = arg nin 5 |lu— k(x)Hé7 s.t. (2). (3)

By construction, u* satisfies the HOCBF condition (2).
Furthermore, as shown in [20], [21] under mild assumptions
u* is locally Lipschitz, and hence renders C forward invari-
ant. As noted in [6], [13], [15], characterizing dynamical
properties such as boundedness of trajectories, regions of
attraction, or existence of undesired equilibria for the system
obtained by using u* in (1) is challenging. In this paper, we
consider the case where (1) is linear and A is affine:

Assumption 1: The dynamics (1) are linear: f(x) = Ax,
g(x) = B, with A € R™*", B € R™ ™, and h is affine,
ie, h(x) =c'x+d, withc e R”, d € R.

We let € N be the relative degree of & under Assump-
tion 1 and make the following two additional assumptions.

Assumption 2: 0,, € Int(C). Equivalently, d > 0.

Assumption 3: The pair (A, B) is stabilizable.

In the rest of the paper, we assume Assumptions 1-3.
Since k is often taken to be a controller that stabilizes the
origin, Assumption 2 requires that the point where we wish
to stabilize the system is safe, which is common in practice.
Although the results in the paper can be generalized to
the case where the origin is not in the safe set we make
Assumption 2 to simplify our analysis.

In what follows, we take the class K functions {a;}i_;
to be linear with slopes {a; > 0}]_;. Further, we let
a = H:f:l «;. The following result provides an explicit
expression for the functions {h;}/_; and inequality (2)
defined in Theorem 1 under Assumption 1.

Lemma 2: (HOCBF for linear dynamics and constraints):
Let ¢i(s) = [[j=i(s +a;) for i € [r] and ¢ = &.
Then, hi(x) = ¢’ ¢i(A)x + d[];_, a; for i € [r —1].
Furthermore, (2) reads

c'p(A)x+c A" 'Bu+ ad > 0. “4)

Proof: 1t is simple to check that the expression for

hi1(x) holds. Now, suppose h;(x) = chSi(A)qudH;:l o
for i € [r — 2]. Then,

hi+1 (X) :CT(bi (A)(AX+BU) +ait (CT¢Z‘ (A)X+d H Oéj)
j=1

i+1 i+1
=c"¢i(A)(A+aipDx+d [[ oy =cdip1(A)x+d [ [,
j=1

Jj=1



where we have used the fact that since ¢ " x + d has relative
degree r, c" A'B = 0 for i € [r — 2], and ¢;(A) has powers
of A only up to A’. By induction, this proves that h;(x) =
¢ ¢i(A)x+d[];_, a; fori € [r—1]. Now, the fact that (2)
reduces to (4) follows from the expression of h,_1. |

We further consider (3) equipped with a linear nominal
controller k(x) = —Kx that makes A( := A—BK Hurwitz.
Since ¢ " x-+d has relative degree 7, ¢ " A"~ 'B # 0,, and (4)
is feasible for all x € R™. By an argument analogous to that
of [20, Theorem 2], u* is locally Lipschitz. This implies that
closed-loop solutions are unique and C is forward invariant.
Formally, this is the problem we seek to solve in this paper:

Problem 1: Given system (1) and controller u* under
assumptions 1-3, characterize the dynamical properties of the
corresponding closed-loop system, including the set of equi-
libria, the stability properties of the origin and boundedness
of trajectories.

In order to solve Problem 1, it is useful to write the closed-
loop system explicitly. To do so, let us define the auxiliary

constants § = |[BT(AT)"~ 1CHG 10

BETB (A v —eTo(a) -

Now, by writing the controller u* in closed-form (cf. [7],
[13]), the closed-loop system can be obtained as

A()X
Ax + b,
where 7(x) = vy x+ad, A = Ag+vivy, and b = adv.

In the sequel, we let R, = {x € R™ : n(x) > 0} and
R_ =R™\R.. Note that (5) is a piecewise-affine system.

Vi = —

if n(x) >0,
else,

&)

III. UNDESIRED EQUILIBRIA

In this section we study the set of equilibria of (5). First
note that since 7(0,) = ad, by Assumption 2, 1(0,) > 0
and therefore the origin is an equilibrium of (5). However,
as noted in [6], [13], [15], CBF-based safety filters can
introduce undesired equilibria in the corresponding closed-
loop system. In order to characterize such equilibria, we first
provide different facts about the eigenstructure of A.

Lemma 3: (Eigenstructure of A): The value —a, is an
eigenvalue of A with left eigenvector ¢ ¢,_1(A). Moreover,
the eigenvalues of A that are not eigenvalues of A are either
in {—a;}/Z] or satisfy

c"(A\L, — Ag) 'BG'BT(AT)" " lc=0. (6)
Proof: Since A = Ay + vivy, A is a rank-one
update of Ag. By the matrix determinant lemma (cf. [22,
Fact 2.16.3]), if A is an eigenvalue of A, then it is either an
eigenvalue of Ag or satisfies 1 — vy (AI — Ag)~1vy = 0.

After some manipulations, this condition is equivalent to
c (p(A) — A" + A" TN (N — Ag)~

Now, let us show that for i € [r — 1],

c AV

vi=0. ()

—Ag) ' B=Xc"TATIAI- Ay !B, (8)

A"'BK),

Indeed, this follows from the identity
AgAI—Ag) P =AM —Ap) ' —1,

after left multiplying it by ¢" A=, right multiplying it by
B and using the relative degree assumption. Now, if we let
o(s) =s"+ Z:ll Bis?, we get that (7) is equivalent to
r—1
Vi) BicTANAT - Ag) vy = 0.
=1
After repeatedly applying (8) to each term we get that that (7)
is equivalent to (A)c ' (AL, —Ao) 'BGIBT(AT)""lc =
0, from where it follows that the eigenvalues of A that are
not {—a;}7_, and and are not eigenvalues of A, satisfy (6).
Finally, the fact that c¢'¢, ;(A) is the left eigenvector
associated with —a,. follows from a direct computation. MW
From (6), Lemma 3 implies that A is invertible if
¢:=cTA;'BG'BT(AT) ¢ # 0. The following result
leverages Lemma 3 to characterize the set of equilibria of (5).

Proposition 4: (Undesired equilibria): If § # 0, then
sign(n(—A~1b)) = —sign(¢). Furthermore, by letting £ be
the set of equilibria of (5),

1) if n(—A~'b) > 0 (or equivalently, £ < 0), £ = {0,,};

2) if n(—A~ 1b) < 0 (or equivalently, & > 0), £ =
{0,}u {_A 'b}; - -

3) if§=0,&={0,}U{xeR": Ax = —b, n(x) <
0}. In particular, if b € Im(A ) £ contains infinite
points, whereas if b ¢ Im(A), € = {0,,}.

Proof: Since A is Hurwitz, the only possible equi-
librium in R is the origin. First assume § # 0. By
Lemma 3, A is invertible, and the only possible equilibrium
in R_isp=—A" 'b. However, in order for p to be an
equilibrium of (5), we need that p € R_, i.e., n(—A~'b) <
0, in which case £ = {0,,} U {—A~'b}. Alternatively, if
n(—=A~'b) > 0, & = {0,}. On the other hand, if £ = 0,
by Lemma 3 the matrix A is not invertible and therefore
E={0,}U{xcR": Ax = —b, n(x) < 0}. To see that
& contains infinite points if b € Im(A) we note that {x €
R™ : Ax = —b} is a subspace of dimension equal to the
dimension of ker(A)), and the only way it does not intersect
with {x € R™ : n(x) < 0} is if the vectors in ker(A)
are orthogonal to vy (the normal vector to the hyperplane
n(x) = 0). However, if v € R™ is such that Av = 0,, and
v;'— v = 0, we have that Ayv = 0,,, which is a contradiction
because A is Hurwitz. Hence, if b € Im( ) & contains
infinite points, whereas if b ¢ Im(A), = {0,}. Now
we show that if £ # 0, then sign(n(fAflb)) = —sign(§).
By using AA; =1+ BKA, ! and the relative degree
condition, we have

AcTA™HAI — Ag)™

r—1
c'A" ! tacTAGT + ) BicTATTH (9
J=1

T A —
V2A

where {/3; _1 are as defined in the proof of Lemma 3.
Now, as shown in the proof of Lemma 3, A is a rank-one
update of A, and therefore A~ can be computed using the
Sherman-Morrison formula (cf. [22, Fact 2.16.3]):

TA-L
vivy Ag )

A1 :A71<I—7 .
0 1+V;A61V1

(10)



(I - A), where
(AT oAy +3000) BATTY)

By using (9) in (10), we get A" = A

BG—lBT(AT>r—1CCT

%3
Now, using again (9) in 7(—A~'b), we get
n(—A7'b)=—c A" (I - A)b—ac' Aj (I - A)b+ad.
After some computations, we can show that
- d -
cTATII-Ab= g92’ c'AJ'I-A)b =4,
Hence, n(—A~'b) = —49% "and the result follows. [ |

As shown in Lemma 4.1 of [13], p € OC,-_1. Interestingly,
the existence of undesired equilibria for (5) can also be
characterized in terms of the parity of the positive real
eigenvalues of A.

Proposition 5: (Undesired equilibria and positive real
eigenvalues): Suppose that A is invertible. Then, the origin
is the only equilibrium of (5) if and only if the number of
positive real eigenvalues of A is even.

Proof: As shown in Lemma 3, the eigenvalues of A
that are not {—a; }/_; and are not eigenvalues of A satisfy
H(\) == c"(A\I — Ap)"'BG!BT(AT)""lc = 0. Note
that for A > p(Ay), it holds that (cf. [23, 5.6.P26]) (A\I —
Ag) 1 =13, ‘i“ Using the fact that ¢ A’B = 0,), for
i € [r — 2] it follows that c" A{B = 0,, for i € [r — 2].
Hence, for A > p(Ay), it holds that H(\) = a, O(571)-

On the other hand, (\I — Ay)~! = %ﬁ:gg\. Hence,
ot [T (A — 2)

H(\) = (an

02 HZL:1(/\ _pi) ’

where {z;}7=}! (resp. {p;}1_,) are the zeros (resp. poles) of
H.Since H(\) = £ +O(52+), there must be n—r—1 zero-
pole cancellations in (11), and H()) = 2= + O(5) for
A > p(Ayp), which implies that Z- = 62 > 0. Note also that
the poles of H are the elgenvalues of Ay, and since Ay is
Hurwitz, [T}, (—p;) > 0 (indeed, conjugate pairs contribute
as a positive factor to the product and real eigenvalues also
contribute with a positive factor because they are negative).
Similarly, (since none of the zeros can be zero because A s
invertible) the sign of [} ,(—=z;) is positive if and only if
the number of positive real zeros is even (indeed, the negative
real and conjugate pairs contribute to a positive factor in the
product). Hence, from (11), the sign of H(0) = —¢ is equal
to the number of positive real zeros of H. By Proposition 4,
the origin is the only equilibrium of (5) if and only if the
number of positive real eigenvalues of A is even. [ ]

IV. STABILITY OF THE ORIGIN
A. Global Exponential Stability

Here we study conditions under which the origin is glob-
ally exponentially stable (GES) under (5). The following is
the main result of this section:

Theorem 6: (GES): 1If A is Hurwitz and AgA has no
negative real eigenvalues, then the origin is GES under (5).

Proof:  Since AO,A are Hurwitz, Ag — A is rank 1
and ApA has no negative real eigenvalues [24, Theorem 1]
shows that Ag, A have a CQLF of the form V(x) = x " Px.
(In fact, the assumptions are necessary and sufficient for such
a CQLF to exist). Next, we use [25, Theorem 1]. Note that (5)
is a piecewise affine system of the form considered in [25,
Section III], and by an argument analogous to the one in [20,
Theorem 2], (5) is locally Lipschitz (and hence continuous).
Now, P satisfies PAg + AJP < 0 and PA + AP < 0.
Hence, by [25, Theorem 1], (5) is exponentially convergent
(cf. [25, Definition 1]). Since x(¢) = 0 for all t > 0 is a
solution of (5), by [25, Deﬁnition 1] the origip is GES. m
We note that even if A is Hurwitz, AgA might have
negative real eigenvalues. This is the case for the example
in [14, Section III.B], for which the origin is not GES. Given
Theorem 6, a natural question is how to design K so that
the conditions therein are satisfied. We next show how such
K can be obtained by solving a pair of LMIs.
Lemma 7: (Nominal controller design as a pair of LMIs):
Let A=A +vic'¢(A), B= (I+vicT A" 1)B. Then,
the LMIs in Q, Y defined by

AQ+ QAT +BY+Y'BT <0,
AQ+QAT +BY+Y'BT <0,

(12a)
(12b)

are feasible if and only if there exists a gain K such that

the corresponding matrices Ay and A admit a CQLF. In
this case, P = Q !, K = —YQ™! are such that x " Px is
a CQLF for Ay, A, and the origin is GES for (5).

Proof: Using the change of variables in [26, Section
7.2.1], Q, Y satisfy (12) if and only if K = - YQ™!, P =
Q! simultaneously satisfy the Lyapunov equations for the
pairs (A,B) and (A,B), i.e

(A-BK)'P+P(A -BK) <0,
(A-BK)"P+P(A - BK) <0.

Since A-BK = A—-BK+v] ¢ ¢(A)—vic' A" 'BK =
A, K = —-YQ ! ensures that x' Px is a CQLF for A, A.
As shown in the proof of Theorem 6, this CQLF exists (and
hence (12) is feasible) if and only if the assumptions of
Theorem 6 hold. Finally, by Theorem 6, such K renders
the origin GES for (5). |

B. Unbounded Trajectories

Here we study the existence of unbounded trajectories
for (5). Although [13], [27] already show examples where
such trajectories exist, here we provide a simple condition
that guarantees their existence for system (5).

Proposition 8: (Unbounded trajectories): Suppose that
Assumptions 1-3 hold. If A has positive real eigenvalues,
then (5) has unbounded trajectories. ~

Proof: Letv € R" be an eigenvector of A with positive
real eigenvalue A > 0. Since c'¢._1(A) is a left eigenvector
of A (cf. Lemma 3) and A # —q, (because a, > 0),
by [23, Theorem 1.4.7], ¢ ¢,_1(A)v = 0. Next, consider
the curves x4 (t) = p + eMv, x_(t) = p — e*v. Since
P € 0C,._1 (cf. [13, Lemma 4.1]) and c"¢,_1(A)v = 0,
both curves are contained in 0C,_; for all ¢ € R. Let



us further show that such curves are not contained in a
hyperplane parallel to n(x) = 0. Indeed, if that was the case,
v would have to be perpendicular to v, (the normal vector
defining the hyperplane 7(x) = 0). Hence, v, v = 0. By
using this property, we get A\v = Av = Ayv, which implies
that A has an eigenvector with positive real eigenvalue,
contradicting the assumption that A is Hurwitz. Therefore,
since {x (¢)}+>0 and {x_(t)}>0 are non-intersecting half-
lines and n(x) = 0 is a hyperplane, this implies that there
exists T" > 0 sufficiently large such that for ¢ > T, either
x4+(t) € R orx_(t) € R_ holds. The corresponding curve
is a trajectory of (5) and is unbounded. ~ [ ]

Proposition 8 provides a simple test on A that ensures
that (5) has unbounded trajectories. In fact, its proof shows
that such trajectory diverges while staying on the hyperplane
OC,_1. Note also that the case where A is unstable but the
unstable modes correspond to complex conjugate eigenvalues
with positive real part is not covered by Proposition 8. As
we show in Section V, this case can lead to unbounded
trajectories or the origin being GES.

Interestingly, dynamical properties can be linked to invari-
ant zeros of an appropriate SISO system.

Corollary 9: (Invariant zeros): If all invariant zeros of
the SISO system S = (Ao, BG™'BT(AT)""!c,c') have
negative real part and A A has no negative real eigenvalues,
the origin is GES for (5). If S has positive real invariant
zeros, then (5) has unbounded trajectories.

Proof: Follows from Theorem 6 and Proposition 8
by observing that invariant zeros of S are exactly solutions
of (6), whigh as shown in Lemma 3, are exactly the eigen-
values of A that are not {—a«;}_; or eigenvalues of Ag.

|

Remark I1: 1f m = 1, BT(AT)""le,G™! € R. Since
A = A - B]Tg&ifgﬁ)lc and spec(A)\{—a;}I_, is in-
dependent of {«;}7_; (cf. Lemma 3), the guarantees in
Propositions 5 and 8 are independent of K, {«;}/_;, and
G. .

V. SIMULATIONS

In this section we showcase the results of the paper in
different examples.

First, we note that the two bottom figures in Figure 1
showcase the two possible dynamical behaviors studied in
the paper for two different planar systems. Both exam-
ples use « = 5, G = 1 and have r = 1. The bot-
tom right corresponds to an example where the origin is
GES, with A = —[0.79,1.6;0.43,0.01], B = [0.61;0.55],
K = [0.33,0.88], ¢ = —[0.26,0.86], d = 0.49, and
the conditions in Theorem 6 are satisfied. The bottom left
corresponds to an example with unbounded trajectories, with
A = [1.43,-0.97;1.26,-0.04], B = [0.23; -1.04], K =
[5.3,0.9], ¢ = [-0.64,0.9], d = 0.36, and the associated A
having a positive real eigenvalue.

There are various examples not covered by the results in
the paper. For example, as mentioned in Section IV the origin
is not GES for the example in [14, Section III.B] for which
A is Hurwitz but AA, has negative real eigenvalues (and
hence the assumptions of Theorem 6 are violated). Similarly,

® Origin

Undesirable eq
h(x) =0
n(x) =0

Origin
Undesirable eq
h(x) =0

n(x) =0

Fig. 2. Trajectories for two systems with n = 3, m = 1, and A having
a pair of complex conjugate eigenvalues with positive real part. (Top) The
origin is GES. A = [0.65,1.18,0.05;0.38,0.93, —0.7; 1.52,1.12, 0.22],
B = [-1.24;1.93;-063, K = [457,6.23,—0.01], ¢ =
[-0.1;1.32;0.67], d = 0.71. (Bottom) Unbounded trajectories.
A = [0.45,—1.47,1.48;0.47, —0.12, —0.57;0.99, —0.11, —=2.5], B =
[0.06; —0.31,0.19], K = [3.09,—4.2,2.12], ¢ = [0.31;1.32;2.26],
d = 2.5. Both examples use « = 5, G = 1 and have r = 1.

Figure 2 illustrates two systems for which A has a pair of
complex conjugate eigenvalues with positive real part, which
can lead to the origin being GES (top) or the trajectories
being unbounded (bottom).

Next, we test the results in the paper for the safe control
of the roll-yaw dynamics of a mid-size aircraft around an
operating point defined by velocity 717.17 ft/sec, altitude
25000 ft, and angle of attack 4.5627° [18, Section 14.8].
Although in this example the safety filter is applied to an
affine (instead of linear) system, it can be shown that the
results in the paper can easily be extended to this setting.
The state of the system is x, = [B,ps,7s] ', where 3 is
the sideslip angle (in rad), and ps, r, are roll and yaw rates
(in rad/s). The inputs are aileron and rudder deflections d,
and d, (rad). The plant dynamics are x, = A,x, + B,u,
with A, BP as in [7, Section 5.2]. Our goal is to regulate
ps to a desired commanded signal Yema @ R>o — R (cf.
Figure 3 (top)). Note that p;, = C,x,, with C, = [0,1,0]
and r = 1. To do so, we use a method similar to that in [18,
Section 4.4.1] and design a nominal LQR PI controller using
the the integrated output tracking error dynamics, with Q =
diag(11.67,35.75,10.89,0.09) and R = diag(1,0.02). The
dynamics of the error variable are é,; = CpXp—Yemd — K€yr,
where k = 0.01 is a regularization factor. The system in the
leyr, xp] variables is:

éyI _ |7k Cp Eyr 0; —Pemd
)= o KB 5] [a]
—_—— ——

A B

13)
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Fig. 3. Evolution of ps for the filtered (bottom) and nominal (top) systems.

Next, we set an upper bound on the roll rate limit equal
to 0.4, leading to a CBF with ¢ = [0,0,—1,0] and d =
0.4. Although (13) is affine (instead of linear) in the state
variables the results derived throughout the paper carry over
analogously, with the difference that closed-loop equilibrium
is not the origin and is affected by the affine term in (13). In
order to guarantee that such equilibrium is GES, we design
K to satisfy the conditions in Theorem 6 (with A and B
as in (13), « = 1, and G = I,). In this case, we use the
associated LQR gain, which satisfies this. Figure 3 showcases
the evolution of the roll rate p, under the nominal controller
and the safety filter.
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VII. CONCLUSIONS

We have studied the dynamical properties of CBF-based
safety filters for linear systems and affine constraints. We
have derived conditions under which the closed-loop system
has undesired equilibria, unbounded trajectories, or the origin
is GES. Our results provide simple design conditions on the
safety filter parameters to ensure that it induces desirable
dynamical properties. Future work will study the dynamical
behavior in the cases where the assumptions of Theorem 6
and Proposition 8 are violated, and extend the results to
multiple affine constraints and nonlinear systems.
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