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Abstract— Safety-critical control systems, such as
spacecraft performing proximity operations, must provide
formal safety guarantees despite stochastic uncertain-
ties from state estimation and unmodeled dynamics. Al-
though Control Barrier Functions (CBFs) have been ex-
tended to stochastic systems, existing approaches typi-
cally face a trade-off between the tightness of probabilis-
tic guarantees and computational tractability. This paper
presents a particle-based probabilistic CBF framework that
overcomes this limitation by exploiting the sub-Gaussian
structure of the barrier function increment under sub-
Gaussian uncertainties. We establish that sub-Gaussian
uncertainties propagating through Lipschitz-continuous
control-affine dynamics preserve sub-Gaussianity of the
barrier function increment, with explicit tail bounds. Lever-
aging this structure, we derive finite-sample bounds on
the approximation error between particle-based Conditional
Value at Risk (CVaR) estimates and ground-truth probabilis-
tic constraints; applying this yields a tractable optimization
problem formulation with finite-sample safety certificates.
We show through numerical experiments how the proposed
approach provides tight yet provably valid probabilistic
safety guarantees.

Index Terms— Optimization, safety-critical control,
stochastic systems.

I. INTRODUCTION

DESIGNING safe controllers using Control Barrier Func-
tions (CBFs) has been an extensive area of study within

the control community. CBF-based controllers can be synthe-
sized with provably safe guarantees and low computational
overhead, with effectiveness validated in multiple applica-
tions [1]. However, conventional CBFs have rarely been ap-
plied to systems subject to both model and state estimation
uncertainty—such as deep space explorations [2], [3]. This
limitation arises because they are fundamentally designed for
deterministic systems or systems with bounded disturbances.
When the system is subject to stochastic disturbances with
unbounded support—as commonly arises when using state
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estimators—such deterministic guarantees fail: the system will
almost surely violate the safety constraints in finite time [4].

Motivated by this challenge, considerable research has
focused on stochastic extensions of CBFs, which provide
probabilistic safety guarantees [5], [6]. However, a key re-
maining challenge is obtaining a tractable representation of
state estimation uncertainty as it propagates through nonlinear
affine dynamics—the typical dynamical model in CBF appli-
cations [7]. When state uncertainty propagates through such
dynamics, the resulting distribution generally lacks a closed-
form expression. This forces existing methods to either adopt
overly conservative approximations or rely on computationally
expensive representations.

With that in mind, we focus our attention on extending
probabilistic CBFs to deal with both state estimation and
model uncertainty, and formulate a tractable optimization-
based algorithm to compute a probabilistically safe control
input. Specifically, we exploit the sub-Gaussian structure of the
barrier function increment under sub-Gaussian uncertainties to
derive tight, explicit concentration bounds without requiring
conservative assumptions. This yields a tractable optimization
problem (a Quadratic Program (QP) when the safety and input
constraints are linear) with rigorous probabilistic guarantees
suitable for real-time implementation.

a) Related Works: While stochastic extensions of other
control techniques [8], [9] have been actively developed, we
focus on CBF synthesis as a real-time safety filter, where
per-step computational tractability is central. There has been
substantial effort to adapt CBF techniques for systems with un-
certainty. Initial work focused on robust methods for bounded,
deterministic disturbances [10], [11], [12], [13]. Building on
these foundations while relaxing those assumptions, other
works have explored the problem under stochastic and possibly
unbounded disturbances using modeling techniques such as
martingale-based analysis [14] or scenario sampling [6], [15].
While these approaches account for uncertainty propagation
through system dynamics, they either do not account for state
estimation uncertainty or require restrictive assumptions.

Some works have examined this problem by specializing to
specific classes of estimators. In continuous time, [16], [17]
use martingale arguments to generate probabilistic safety cer-
tificates, while in discrete time, [18] apply similar martingale-
based approaches. Alternatively, [19], [20] specialize to the
extended Kalman filter in discrete time. However, those ap-



proaches only leverage the first moment of the uncertainty
distribution and can be conservative when more distributional
information is available. Sample-based approaches offer an-
other direction, but have notable limitations for a CBF frame-
work: sample average approximations (SAAs) [21] introduce
per-sample binary variables, yielding NP-hard mixed-integer
programs; scenario approaches [22] are outlier-sensitive with
a sample size growing in the control dimension and under
stricter safety demands; and smooth approximations [8] yield
non-convex problems requiring sequential linearization—all
unsuitable for real-time per-step control. A more promis-
ing sample-based direction is to reformulate the stochas-
tic CBF conditions via CVaR, which provides a convex
tight upper bound [23] with continuity and outlier robust-
ness. Recent work [24] adopts this reformulation and bounds
the sample-based approximation error using the distribution-
free Dvoretzky–Kiefer–Wolfowitz (DKW) inequality, accom-
modating state estimation uncertainty in nonlinear control-
affine systems. However, this approach requires the random
variable to have bounded support: the bound must be known
a priori, requiring artificial truncation for unbounded distribu-
tions, introducing an approximation error that does not decay
with sample size.

In contrast to these existing approaches, we propose a
particle-based CBF framework that exploits the sub-Gaussian
structure of the barrier function increment. Our approach
requires no distribution truncation or bounded support assump-
tions, yielding an approximation error that decays to zero as
the number of samples increases at a rate of O((n lnn)−1/2).

b) Statement of Contributions: We develop a particle-based
probabilistic CBF framework that simultaneously handles both
state estimation and dynamics uncertainty with rigorous finite-
sample safety guarantees. Our contributions are threefold:

1) We establish that the barrier function increment is sub-
Gaussian when sub-Gaussian uncertainties propagate
through Lipschitz-continuous nonlinear control-affine
dynamics, with an explicit parameter bound.

2) We derive explicit, finite-sample bounds on the particle-
based CVaR approximation error without requiring the
uncertainty to have bounded support.

3) We reformulate the probabilistic CBF condition as a
tractable optimization problem, resolving the theory-
computation tradeoff in existing approaches.

The remainder of this paper is organized as follows.
Section II introduces the problem formulation and reviews
probabilistic CBFs and risk measures. Section III presents
our approach: establishing sub-Gaussianity of the barrier
function increment, deriving finite-sample CVaR bounds, and
reformulating the probabilistic CBF condition as a tractable
optimization problem. Section IV demonstrates the efficacy of
our approach through numerical experiments.

II. PROBLEM SETUP

We begin with a discrete-time stochastic system1

xt+1 = f(xt) + g(xt)ut + dt := F (xt, ut, dt), (1)

1We use ∥·∥ for the Euclidean norm. For a symmetric matrix Σ, we denote
its largest and smallest eigenvalues by λmax(Σ) and λmin(Σ). For any a ∈
R, the positive part is (a)+ := max(0, a). Also, let [n] := {1, 2, . . . , n} be
the index set.

where xt ∈ Rnx is the unknown true state, ut ∈ Rnu is the
control input, and dt ∈ Rnx is an additive, state-independent
process disturbance signal. The functions f : Rnx → Rnx and
g : Rnx → Rnx×nu are Lipschitz continuous with constants
Lf and Lg , respectively.

Assumption 1. The true state xt ∼ N (µxt
,Σxt

) and distur-
bance dt ∼ N (µdt

,Σdt
) are independent Gaussian random

vectors with known moments. We assume the disturbance
distribution is state-independent. The state estimate µxt

and
uncertainty covariance Σxt

may come from an estimator such
as an Extended Kalman Filter (EKF).

Remark 1. While we state the theory under the Gaussian
assumption for clarity, all our results extend to sub-Gaussian
distributions simply by replacing

√
λmax(Σ) in Lemma 1 and

Theorem 1 with the sub-Gaussian parameter. This extension
provides robustness against filtering modeling errors, such as
the Gaussian posterior assumption made by the EKF.

Let h : Rnx → R be a barrier function defining the safe set
as the zero sublevel set (opposite to standard CBFs [1]):

C = {x ∈ Rnx : h(x) ≤ 0}.

Assumption 2. The barrier function h is Lipschitz continuous
with constant Lh and is convex.

Our objective is to design an output feedback controller
k : Rnx → Rnu that keeps the system trajectories within the
safe set C at all times. Since the true state xt is unobservable,
the controller must operate using the state estimate and account
for its uncertainty. In deterministic systems, the discrete-
time CBF condition h(xt+1) ≤ γh(xt) with γ ∈ [0, 1] ensures
forward invariance of C [1], [25]. However, under stochastic
disturbances with unbounded support, the system exits the safe
set in finite time with probability one [4], making deterministic
safety guarantees impossible. This necessitates a probabilistic
framework for safety. Following [6], we say k is ϵ-safe over
horizon H if, starting from any x0 ∈ C, the probability of
remaining in C for all t ∈ [0,H] is at least 1− ϵ. To construct
such controllers, we leverage the notion of probabilistic CBF
developed in [6]. The key idea is to enforce a single-step
probabilistic constraint: for each xt ∈ C, there exists a ut ∈ U
satisfying

P
(
h(F (xt, ut, dt)) ≤ γh(xt)

)
≥ 1− α, (2)

where α ∈ (0, 1) is the single-step risk parameter and γ ∈
[0, 1] is a decay rate. It has been shown [6] that if (2) is
satisfied at each time step with α ≤ 1 − (1 − ϵ)1/H , the
controller achieves ϵ-safety over horizon H .

With this theoretical foundation for safe control, we imple-
ment an optimization problem with a probabilistic CBF, which
is solved at each time step. Given a desired control udes ∈ Rnu

from a nominal policy, we seek to solve

min
ut∈U

∥ut − udes∥2 s.t. (2) (3)

where U ⊆ Rnu is a compact admissible control set with
umax := supu∈U ∥u∥. In practice, this problem presents two
challenges: the chance constraint is generally non-convex, and



evaluating the probability requires the distribution of

∆h(xt, ut, dt) := h(F (xt, ut, dt))− γh(xt), (4)

which is intractable for nonlinear f , g, and h. We henceforth
suppress the arguments of ∆h when there is no ambiguity.

III. PROPOSED APPROACH

We address the intractability of (3) through two key steps:
reformulating the constraint using CVaR and estimating it
through particle propagation. Recall that CVaR provides a
sufficient condition for chance constraints: 2

CVaRα(∆h) ≤ 0 =⇒ P(∆h ≤ 0) ≥ 1− α. (5)

This reformulation replaces the discontinuous chance con-
straint with a continuous sufficient condition, amenable to
tractable empirical approximations. Evaluating CVaRα(∆h)
requires knowledge of the distribution of ∆h. Under As-
sumption 1, we represent the joint uncertainty in state and
disturbance using n i.i.d. samples:

{(xi
t, d

i
t)}ni=1, where xi

t ∼ N (µxt
,Σxt

), dit ∼ N (µdt
,Σdt

).

Accordingly, for a given control input ut, each particle prop-
agates through the dynamics as

xi
t+1 = f(xi

t) + g(xi
t)ut + dit, i ∈ [n] (6)

yielding barrier function increments

∆hi(ut) = h(xi
t+1)− γh(xi

t), i ∈ [n]. (7)

These particle-based realizations, {∆hi(ut)}ni=1, yield a
tractable constraint upper-bounding the true CVaR.

A. Sub-Gaussianity of the Barrier Function Increment

To tightly bound the gap between the particle-based CVaR
approximation and the ground truth, we exploit the distribu-
tional properties of ∆h. In this section, we establish that ∆h
is sub-Gaussian with an explicit parameter that depends on
Lipschitz constants and covariance matrices 3. We will use
the following standard Gaussian concentration result [26].

Lemma 1 (Gaussian concentration). Let ξ ∼ N (µ,Σ), and
let ϕ : Rn → Rm be L-Lipschitz. Then ϕ(ξ) is sub-Gaussian
with parameter σ ≤ L

√
λmax(Σ).

We now prove ∆h follows a sub-Gaussian distribution and
its parameter is bounded.

Theorem 1 (Sub-Gaussianity of ∆h, uniform in u). ∆h in
(4) is sub-Gaussian with u-independent parameter

σ∆h ≤ C
√

L2
xλmax(Σx) + L2

dλmax(Σd), ∀u ∈ U ,

where Lx = Lh(Lf + Lgumax + |γ|) and Ld = Lh.

Proof. Since both terms in ∆h depend on x, it is not a sum
of independent sub-Gaussians. Treating ∆h as a function of

2CVaRα(ξ) = E[ξ|ξ ≥ qα] represents the expected value of a random
variable ξ in its worst 1−α-percent of outcomes, where qα is the α-quantile.

3A random vector X is sub-Gaussian with parameter σ if, for all λ ∈ R
and unit vectors ∥v∥ = 1, E[exp(λ⟨X − E[X], v⟩)] ≤ eλ

2σ2/2.

(x, d), Lipschitz continuity of h, f, g give

|∆h(x1, d1)−∆h(x2, d2)| ≤ Lx ∥x1 − x2∥+ Ld ∥d1 − d2∥ .

Since x and d are statistically independent, the joint covariance
is block-diagonal, and Lemma 1 applied after standardization
yields the bound.

B. Finite-Sample CVaR Approximation
Having established the sub-Gaussian property of ∆h, we

now derive finite-sample bounds that relate the particle-
based CVaR to the true CVaR. This enables replacing the
intractable CVaR constraint in (3) with a computable sample-
based condition. We begin with a technical lemma bounding
tail integrals for sub-Gaussian random variables.

Lemma 2 (Sub-Gaussian Tail Integral Bound). Let X be a
sub-Gaussian random variable with mean µ and parameter
σ̄2. Let ϵ ∈ (0, 0.5) and define z∗(ϵ) := µ + σ̄

√
2 ln(1/ϵ).

Then, for any z ≥ z∗(ϵ),∫ ∞

z

P(X > y) dy ≤ σ̄ ϵ√
2 ln(1/ϵ)

.

Proof. Let g(y) := exp(−(y − µ)2/(2σ̄2)). By the sub-
Gaussian assumption and z ≥ µ, we have P(X > y) ≤ g(y)
for all y ≥ z. Thus:∫ ∞

z

P(X > y) dy ≤
∫ ∞

z

g(y) dy ≤
∫ ∞

z∗(ϵ)

g(y) dy,

where the last inequality uses monotonicity (g decreasing on
[µ,∞) and z ≥ z∗(ϵ) ≥ µ). With substitution t = (y − µ)/σ̄
and t∗ =

√
2 ln(1/ϵ),

∫∞
z∗ g dy = σ̄

∫∞
t∗

e−t2/2 dt. Mills’
inequality

∫∞
t∗

e−t2/2 dt ≤ e−(t∗)2/2/t∗ with e−(t∗)2/2 = ϵ
yields the claim.

Having established this tail bound, we now state our main
result, a finite-sample upper bound on CVaR in terms of order
statistics. While the theorem uses order statistics, Section III-C
bypasses their explicit computation.

Theorem 2 (Data-Dependent Sub-Gaussian CVaR Bound).
Let X1, . . . , Xn be i.i.d. sub-Gaussian random variables with
mean µ and sub-Gaussian parameter σ2 > 0. Let Z1 ≤
· · · ≤ Zn denote the order statistics of X1, . . . , Xn. Assume
Zn ≥ µ + σ̄

√
2 ln(1/εn(δ)) (see Remark 2). Then for any

α ∈ (0, 1) and δ ∈ (0, 0.5] with εn(δ) < 0.5 (which holds
when n > 2 ln(2/δ)),

P
[
CVaRα(X) ≤ Zn + Ctail(n, δ)−

1

α

n−1∑
i=1

(Zi+1 − Zi)

(
i

n
− εn(δ)− (1− α)

)
+

]
≥ 1− δ,

where εn(δ) :=
√

ln(2/δ)
2n and Ctail(n, δ) :=

σ̄ εn(δ)

α
√

2 ln(1/εn(δ))

Proof. Let F and Fω denote the true and empirical Cumulative
Distribution Functions (CDFs), respectively. By the DKW
inequality with Massart’s tight constants [27],

P
(
sup
x∈R

(Fω(x)− F (x)) ≤ εn(δ)

)
≥ 1− δ.



Define the event EDKW := {supx(Fω(x)−F (x)) ≤ εn(δ)}. On
this event, since Fω(Zn) = 1, we have F (Zn) ≥ 1 − εn(δ),
and hence P(X > Zn) ≤ εn(δ). Applying Lemma 2 with
z = Zn then yields

Itail :=

∫ ∞

Zn

(1− F (y)) dy ≤ σ̄ εn(δ)√
2 ln(1/εn(δ))

=: Ītail.

Now define the lower bound CDF G−
ω (x) :=

max{0, Fω(x) − εn(δ)}, which satisfies G−
ω (x) ≤ F (x)

for all x on EDKW. Using the integral representation of CVaR:

CVaRα(X) ≤ inf
c∈R

{
c+

1

α

(∫ Zn

c

(1−G−
ω (y))dy + Itail

)}
.

Applying Lemma 1 in [28], this yields

CVaRα(X) ≤ Zn − 1

α

∫ Zn

−∞
(G−

ω (y)− (1− α))+dy +
Itail

α
.

Since G−
ω (x) = max{0, i/n− εn(δ)} for x ∈ (Zi, Zi+1], this

integral equals
∑n−1

i=1 (Zi+1 − Zi)(i/n − εn(δ) − (1 − α))+.
Setting Ctail := Ītail/α completes the proof.

Remark 2 (Sample Augmentation). The hypothesis is en-
forced by appending ∆hn(ut) := µ̄(ut) + σ̄

√
2 ln(1/εn(δ))

to n − 1 i.i.d. realizations of ∆h, where µ̄(ut) ≥ E[∆h] is
obtained via Lipschitz analysis (exact and affine in ut for linear
h) or by sample-mean estimation.

Remark 3. Ītail decays as O((n lnn)−1/2).

Remark 4 (A Posteriori Verification). Theorem 2 assumes
i.i.d. samples, which may be violated when the same particles
are used for both optimization and evaluation. In our experi-
ments, we evaluate with new samples. Although no verification
failures were observed in our case, standard remedies include
resampling or tightening the risk level [29].

Alternatively, when the barrier function increment admits a
separable structure, the i.i.d. assumption holds directly without
requiring sample splitting as detailed in Remark 4.

Corollary 1 (Separable Structure). Suppose ∆h = a(ut) +
b(xt, dt), and let {Zi}ni=1 be the order statistics of
{b(xi

t, d
i
t)}ni=1 from i.i.d. samples. By the translation invari-

ance of CVaR, applying Theorem 2 to b shows that any ut

satisfying a(ut) + C ≤ 0 guarantees CVaRα(∆h) ≤ 0 with
probability at least 1 − δ, where C denotes the CVaR upper
bound in Theorem 2.

We note that for the control-affine dynamics (1), this sep-
arable structure holds when h is linear and g is constant. It
arises naturally in linear systems or fully-actuated mechanical
systems with position-based safety constraints.

Remark 5 (Safety Over a Finite Time Horizon). Suppose
Theorem 2 holds with confidence 1− δ at each t ∈ [H] using
independent particles. Let q0 := P(h(x0) ≤ 0) denote the
probability that the true initial state lies in C under Assump-
tion 1. Then, setting α ≤ ϵ/H , an analogue of Proposition 6
of [6] holds under state uncertainty:

Pptcl

(
P

(
H⋂
t=0

{h(xt) ≤ 0}

)
≥ q0 − ϵ

)
≥ 1−Hδ, (8)

where Pptcl denotes the probability over particle randomness.

C. CVaR Reformulation as a Linear Program

Theorem 2 provides a high-probability upper bound on
CVaRα(∆h) in terms of order statistics and correction terms.
However, this form requires explicit sorting, making it unsuit-
able for direct optimization. We resolve this by reformulating
the bound as a linear program. Recall the following classical
result expressing sample CVaR as an optimization problem
over unordered samples [23].

Theorem 3 (Sample CVaR Formula [23]). Let {w1, . . . , wn}
be n real numbers with order statistics w(1) ≤ · · · ≤ w(n),
and let α ∈ (0, 1). Then

inf
θ∈R

{
θ +

1

nα

n∑
i=1

(wi − θ)+

}

= w(n) −
1

α

n−1∑
j=1

(w(j+1) − w(j))

(
j

n
− (1− α)

)
+

.

Crucially, the left-hand side depends only on the unordered
samples {wi}, while the right-hand side involves order statis-
tics—enabling computation without explicit sorting. To ac-
commodate the correction term εn(δ) from Theorem 2, we
extend this classical formula.

Corollary 2 (Shifted Threshold CVaR Formula). Under the
setting of Theorem 3, let B ∈ (0, α). Then

B

α
w(n) +

α−B

α
inf
θ∈R

{
θ +

1

n(α−B)

n∑
i=1

(wi − θ)+

}

= w(n) −
1

α

n−1∑
j=1

(w(j+1) − w(j))

(
j

n
−B − (1− α)

)
+

.

Proof. Factor w(n) from the right-hand side and apply Theo-
rem 3 with risk level α−B.

Setting B = εn(δ) yields the tractable constraint for our
probabilistic CBF formulation. The infimum in Corollary 2
admits a linear-constraint reformulation: the constraint

B

α
w(n) +

α−B

α
inf
θ

{
θ +

1

n(α−B)

n∑
i=1

(wi − θ)+

}
≤ 0,

(9)
holds iff there exist θ ∈ R and {si ≥ 0}ni=1 satisfying

B

α
wi+

α−B

α

θ+
1

n(α−B)

n∑
j=1

sj

 ≤ 0, i ∈ [n],

si ≥ wi−θ, si ≥ 0, i ∈ [n].

(10)

Here, si encode the positive parts (wi − θ)+.

D. Tractable Probabilistic CBF Optimization

We now apply the reformulation from Section III-C to
construct a computationally efficient version of (3). Theorem 2



guarantees with probability at least 1− δ that

CVaRα(∆h) ≤ ∆h(n) + Ctail(n, δ)

− 1

α

n−1∑
j=1

(∆h(j+1) −∆h(j))

(
j

n
− εn(δ)− (1− α)

)
+

,

where {∆hi}ni=1 are particle realizations and ∆h(1) ≤ · · · ≤
∆h(n) denote their order statistics. Applying Corollary 2 with
wi=∆hi, B=εn(δ), and the reformulation (10), the sufficient
condition CVaRα(∆h) ≤ 0 holds iff there exist θ ∈ R and
{si ≥ 0}ni=1 such that

Ctail(n, δ) +
εn(δ)

α
∆hi(ut) +

α− εn(δ)

α

(
θ

+
1

n(α− εn(δ))

n∑
j=1

sj

)
≤ 0, i ∈ [n], (11)

si ≥ ∆hi(ut)− θ, si ≥ 0, i ∈ [n]. (12)

This yields the following tractable approximation to (3).

Problem 1. Given particles {(xi
t, d

i
t)}ni=1 sampled according

to Assumption 1 and a desired control udes ∈ Rnu from a
nominal controller, define ∆hi(ut) for i ∈ [n− 1] via (7) and
∆hn(ut) via Remark 2, then solve

min
ut∈U,θ,{si}

∥ut − udes∥2 s.t. (11), (12). (13)

We remark that Problem 1 is convex with quadratic objec-
tive when ∆hi(ut) and U are convex, reducing to a QP when
∆hi is affine in ut and U is polytopic.

Remark 6 (Feasibility Verification). Several methods can
verify feasibility; e.g., when h is affine and U is a polytope, the
feasibility of Problem 1 can be verified a priori by solving a
dual Linear Programming (LP) (via Farkas’ Lemma) with only
nu+3 coupled constraints, independent of the particle count n.
In practice, α is set from the mission safety budget (α ≈ ϵ/H);
δ < α and n are jointly tuned to satisfy n > 2 ln(2/δ) while
balancing feasibility and solver time.

Remark 7. By applying Corollary 2 to {b(xi
t, d

i
t)}ni=1, the

constraint in Corollary 1 can be reformulated as a linear
program in auxiliary variables (θ, {si}). When a(ut) is affine
in ut, the resulting problem remains a QP with the same
computational complexity as Problem 1.

IV. NUMERICAL EXPERIMENTS

We demonstrate the efficacy of our proposed approach
through Monte Carlo simulations on a non-holonomic mobile
robot navigating under uncertainty4. The robot must reach
a goal while respecting a geofence constraint 5, subject to
both localization uncertainty and stochastic dynamics. We
compare our approach against five baselines: (i) the nominal
deterministic CBF ignoring uncertainty (Det. CBF); (ii) a
naively robustified deterministic CBF that adds a constant
margin m≥0 to the CBF condition without principled tuning
(Det. CBF (Robust)); (iii) a scenario approach [22] directly

4Implementation available at: https://github.com/kazuyae/
Stochastic_CBF

5Nonlinear barriers can be incorporated via local linearization.

Method Violation Reach Mean Dist. to Goal [m]
Det. CBF 100% 100% 0.05
Det. CBF (Rob.) 0% 0% 0.07
Scenario 60% 100% 0.05
SAA 100% 100% 0.06
DKW 0% 0% 0.11
Proposed 1% 100% 0.02

TABLE I
SUMMARY OF MONTE CARLO SIMULATIONS.

approximating the chance constraint with N = 500 samples,
satisfying an (α, δ)-guarantee analogous to Theorem 2 (Sce-
nario); (iv) a SAA [21] with Big-M continuous relaxation of
the chance-constraint indicator 1{∆hi > 0} (SAA); and (v)
a probabilistic CBF using the conservative DKW inequality
(DKW). The robot operates in a 2D workspace with state
x=[rx, ry, θ]

⊤∈R3, where (rx, ry) is the position and θ is
the heading angle. Its control input is u=[v, ω]⊤, where v and
ω are linear and angular velocities with |v|≤vm, |ω|≤ωm,
where vm, ωm are derived from an Ackermann robot with
a wheelbase of wl and a maximum steering angle of η. To
obtain a formulation suitable for CBF design, we follow [30]
and introduce a shifted reference point. Define

R(θ) =

[
cos θ − sin θ
sin θ cos θ

]
, p = s+ ℓR(θ)e1, (14)

where s = [rx, ry]
⊤ is the robot’s center position, e1 = [1, 0]⊤,

and ℓ > 0 is a design parameter. This shifted point p lies
orthogonal to the wheel axis and satisfies ṗ = R(θ)L−1u,
where L = diag(1, 1/ℓ). Thus, both linear and angular velocity
appear in the dynamics of p, yielding relative degree one for
position-based barrier functions.

The barrier function h(x) is a linear geofence: h(x) = ry .
The robot has Gaussian localization noise and process distur-
bances with covariances Σx,Σd, respectively. A nominal PID
controller drives the robot toward the goal at (0,−0.05), while
our CBF-based safety filter modifies the control input when
necessary. In our simulation, the state and its time-varying
uncertainty covariance are dynamically estimated via an EKF
with process noise Q = Σd, measurement noise R, and initial
covariance P0, using partial measurements of ry and θ. We
perform a Monte Carlo analysis with 10000 trials on an Apple
M1 Pro. 6 Each trial begins at x0 ∼ N (µ0, P0) and runs for
up to 15 s with a time step of ∆t. A trial is deemed successful
if the robot reaches within 0.02m of the goal. Table I summa-
rizes all trials, and Figure 1 shows representative trajectories.
The unsafe baselines (Det. CBF, Scenario, SAA) violate the
boundary in nearly every trial, while the overly conservative
baselines (Det. CBF (Rob.), DKW) avoid violations only by
stalling before the goal. Only the proposed method achieves
both safety (within the α = 10% bound) and 100% goal-
reaching with the smallest final distance. This also empirically
confirms robustness to the EKF’s approximation error.

Focusing on approaches approximating CVaR, Table II
reports the trade-off between conservatism and computational
cost as the particle count n varies. Note that the CVaR estima-
tion error was measured as the difference between the particle-

6The simulations use the constants Σd=Q=10−6 diag(1, 1, 25),
P0=10−4 diag(1, 1, 9), R=10−6 diag(4, 49), µ0=[0,−0.5, π/2]⊤,
vm=0.3m/s, ωm≈0.10 rad/s, wl=2.5m, ℓ=0.2m, n=500, η=40◦,
α=0.1, δ=0.1, γ=0.2, ∆t=0.5 s, m=0.1.
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Fig. 1. Representative trajectories for the six tested methods. The plots
display the robot’s path from the start position (black circle) to the goal
position (red box), with the safety boundary at y = 0 (red dotted line).

n 10 50 200 500 1000
Gap, Prop. [m] 0.0337 0.0276 0.0241 0.0233 0.0231
Gap, DKW [m] 0.112 0.166 0.124 0.116 0.115
Time, Prop. [ms] 4.30 5.92 12.1 34.5 86.6
Time, DKW [ms] 1.23 5.90 8.37 19.4 46.4

TABLE II
PROPOSED VS. DKW: CVAR ESTIMATION ERROR AND SOLVER TIME

based CVaR estimate when running probabilistic CBF-based
methods and a Monte Carlo ground truth computed with
106 samples. Unlike DKW, whose error does not decrease
monotonically with n and consistently overestimates the true
risk, the proposed method monotonically tightens the CVaR
approximation as n grows. This improvement is achieved
while keeping the per-step solver time below 100ms for all
tested n.

V. CONCLUSION

We presented a particle-based probabilistic CBF framework
that provides probabilistic safety guarantees for systems sub-
ject to both state estimation uncertainty and process distur-
bances. Our approach exploits the sub-Gaussian structure of
the barrier function increment to derive explicit concentration
bounds, enabling the reformulation of the intractable proba-
bilistic CBF condition as a tractable optimization program.
Monte Carlo simulations on a non-holonomic mobile robot
navigation problem demonstrated that the proposed approach
outperforms both the deterministic baseline and the exist-
ing truncation-based probabilistic CBF method by providing
tighter yet provably valid risk approximations. A current
limitation is the double probability structure—the CVaR bound
holds with probability 1− δ while the safety constraint holds
with probability 1 − α—unifying them remains an important
direction for future work.
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