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Feedback Optimization with State Constraints

through Control Barrier Functions
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Abstract

Recently, there has been a surge of research on a class of methods called feedback optimization. These are methods
to steer the state of a control system to an equilibrium that arises as the solution of an optimization problem. Despite the
growing literature on the topic, the important problem of enforcing state constraints at all times remains unaddressed.
In this work, we present the first feedback-optimization method that enforces state constraints. The method combines
a class of dynamics called safe gradient flows with high-order control barrier functions. We provide a number of
results on our proposed controller, including well-posedness guarantees, anytime constraint-satisfaction guarantees,
equivalence between the closed-loop’s equilibria and the optimization problem’s critical points, and local asymptotic

stability of optima.

I. INTRODUCTION

Feedback optimization refers to an emerging class of methods addressing the problem of steering the state of a
control system to an equilibrium which arises as the solution of an optimization problem; see [1] for a survey. These
methods design dynamic feedback controllers, which resemble optimization algorithms, namely gradient flows, that
drive the system to the desired equilibrium, without explicitly solving the optimization problem. Compared to the
feed-forward approach of solving the optimization problem offline and driving the plant to the computed setpoint,
feedback optimization enjoys the robustness that comes with feedback and is able to address potentially unknown
and time-varying plant dynamics and objective functions. As such, feedback optimization has found a wide range
of applications on, e.g., power systems [2], [3], traffic control [4], smart buildings [5], communication networks [6],
etc. Overall, in recent years, research on feedback optimization has surged [2]-[15]. However, although designs with
input constraints are available in the literature, a fundamental problem remains unsolved: enforcing state constraints

at all times.
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Contributions

In this work, we develop a feedback-optimization method for dynamic plants that enforces state and input
constraints at all times; to our knowledge, the first one to achieve so. The method combines so-called safe gradient
flows (SGFs) [16] with high-order Control Barrier Functions (CBFs) [17]. The controller dynamics arise as the
solution of a quadratic program (QP), which can be solved online. We provide the following results on the proposed
dynamics:

« We introduce mild conditions that guarantee feasibility and Lipschitz continuity of the controller dynamics’

QP, which together guarantee the closed-loop dynamics’ well-posedness;

o We show that the proposed controller can handle constraints of arbitrary relative degree and renders a subset
of the constraint set forward invariant. We also prove that this forward-invariant set contains all critical points'
of the feedback-optimization problem;

« We provide conditions guaranteeing equivalence between the feedback-optimization problem’s critical points
and the closed-loop’s equilibria. Among others, equivalence holds if the considered point lies in the interior
of the state constraint set;

o We prove local exponential stability of local optima, assuming that the optimum lies in the interior of the state
constraint set;

« We introduce a way to regularize the original optimization problem such that all optimizers are in the interior,
thus enabling the aforementioned results on equivalence and stability, while guaranteeing arbitrarily small

suboptimality bounds.

Related work

The existing literature on feedback optimization either disregards state constraints, enforces them only asymptoti-
cally, e.g. [4], [10]-[13], or considers only static plants, e.g. [14], [15]. In the latter two cases, which are equivalent,
state constraints can be enforced through input constraints, as there is a one-to-one correspondence between state
and input. Applying these methods to dynamic plants may lead to constraint violations in the transients. In contrast,
the method proposed here is the first one to enforce state constraints at all times for dynamic plants. Nonetheless, our
method comes with local stability guarantees, compared to other works (e.g., [9]) that guarantee global convergence
to critical points or optimizers. Whether our method can ensure global convergence remains a topic of future research.

SGFs were first introduced in [16], as dynamical systems that solve constrained optimization problems. These are
modified gradient flows, that employ CBFs, to enforce constraint satisfaction. Further, in [19], [20], it was shown
how SGFs are continuous approximations of projected gradient flows. SGFs have been used in reinforcement-
learning to ensure safety in [21], [22]. In the context of feedback optimization, they have been used as controllers
interconnected with dynamic plants in [13], [15], where however state constraints are only asymptotically enforced.
Our work is the first to combine SGFs with high-order CBFs. In fact, high-order CBFs are the key to enforce state

constraints, since these are of relative degree greater than one with respect to the controller dynamics and cannot

IPoints that satisfy the Karush-Kuhn-Tucker (KKT) conditions (see [18]), including optima.
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be handled by standard SGFs interconnected to a plant, as SGFs (and projected gradient flows) manipulate only
the controller’s vector-field. High-order CBFs enable modifications of the controller’s vector field that enforce state
constraints.

Finally, while we focus on feedback optimization, there are other methods targeting similar problems, such
as extremum seeking (ES; e.g. [23], [24]) and online convex optimization (OCO; e.g. [25]-[27]). Like existing
feedback-optimization methods, ES methods that address state constraints either cast them as input constraints,
implicitly assuming that the plant operates at the steady-state, or consider static plants (which are equivalent
approaches); see [23], [24] and references therein. For differences between feedback optimization and ES the
reader is referred to [1]. With respect to OCO, the main differences are that OCO generally considers discrete-time

plants and focuses on finite-horizon regret guarantees, rather than asymptotic convergence to the optimizer.

II. PRELIMINARIES

For r € Zsg, we denote [r] := {1,...,r}. We adopt the following conventions on dimensions: given g :
R"” x R™ — RF, (z,u) + g(x,u), continuously differentiable, then %(x,u) € RFX"; given g : R® — R,
x — g(x), continuously differentiable, then Vg(z) = (%(x))T € R™. Consider the parametric optimization
problem

min ®(z, 0) s.t. a;(x,0) >0, i € [p], (1)

x
where ®,a; : R” x R? — R and 6 is a parameter. Denote J(z,6) := {i € [p] : a;(x,0) = 0}. The following
conditions are commonly used in parametric optimization for sensitivity analysis [28], although often more relaxed

conditions suffice:

o Mangasarian-Fromovitz Constraint Qualification (MFCQ): Problem (1) satisfies the MFCQ at (z., 6,) if there
exists ¢ € R™ such that %‘;i (24,0.)q >0, for all i € J(xx,04).
e Constant Rank Constraint Qualification (CRCQ): Problem (1) satisfies the CRCQ at (x,, 0, ) if any subset of

%‘ij (7,0)}ic(x,0) Temains of constant rank in a neighbourhood of (z., ).

If the CRCQ or MFCQ holds at (z,,6.), the KKT conditions [18] are necessary for optimality of x., for § = 6,.

III. PROBLEM STATEMENT

Consider the control system

£(t) = F(£@),0(D)), 2

where f:R"™ x R™ — R" is the vector field, and £(t), v(t) are the state and control input at time ¢, respectively.

Assumption 1. (Unique globally exponentially stable equilibrium): For any constant input signal v(t) = u, system

(2) admits a unique equilibrium, which is globally exponentially stable.

This assumption is standard in the literature of feedback optimization and is satisfied in many relevant applications

(see, e.g., [1]). It guarantees that controller dynamics can be made slow enough, compared to the plant dynamics,
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so that stability is not compromised when the controller is interconnected to the plant. For convenience, we let
w : R™ — R™ denote the map that assigns each input v € R™ to the unique equilibrium w(u), i.e., f(w(u),u) = 0.
We wish to design a controller v that drives system (2) to a steady-state (z.,u.), which solves an optimization

problem:
argmin ®(z)
(4, uy) € o (3)
s.t. . = w(u), h(zx) >0, b(u) >0,

where @ : R" - R, h : R® — R and b : R™ — R are sufficiently smooth functions. The equality constraint
x = w(u) is precisely the steady-state constraint. Further, we require the input and state inequality constraints to

be respected at all times, that is, for all ¢:
&@),v(t) € X :=={(z,u) e R" x R™: h(z) >0, b(u) > 0}. “)

The above problem, without the transient state constraints h(£(t)) > 0, has been solved by designing a dynamic
controller, with dynamics given by, e.g., a projected gradient flow [1], [9] or an SGF [13]. Nonetheless, incorporating

state constraints remains an open problem. This is the problem we aim to solve here.

IV. HIGH-ORDER SGFS FOR FEEDBACK OPTIMIZATION WITH STATE CONSTRAINTS

, oL h
In the following, we denote L¢h(x,u) = ?(m) - f(z,u) and, abusively, Lyh(z,u) = 6f - f(z,u), for
x x
1 > 2. We further define h; : R x R™ — R for i € Z>¢ as:
ho(z,u) := h(x) 5)
8hi_1 .
hz(m7u) = ox (m,u)-f(a:,u)—i—ﬁhi_l(x,u), P> 17

where S > 0 is a design parameter. In what follows, we assume 5 > 0 is fixed. We also define the sets X; :=
{(z,u) € R® x R™ : h(z) > 0,b(u) > 0, h;(z,u) > 0} for i € Z>o. Note that X; C X, for all i € Z>, and
Xo=AX.

Remark 1. (Effect of 8 on X;): By increasing (3, the sets X; become closer to X. Informally, when X is compact,
and h; and f are continuous, for 8 sufficiently large, we have that hy(z,u) ~ Sh(x) and thus Xy ~ X. Inductively,

for any i, we obtain X; =~ X, for [ sufficiently large.
Towards solving the feedback optimization problem with state constraints, we make the following assumptions:

Assumption 2. (Relative degree and regularity):
1) There exists r € Z~q such that:
o the functions f and h are (r + 1)-times and (r + 2)-times continuously differentiable, respectively;

o« X, # 0 %Zh(x,u) # 0, for all (z,u) € X, such that h,(z,u) = 0; and agzh (x,u) = 0, for all

(x,u) € X and all i < r.
2) The function b is twice continuously differentiable, and b(u) =0 = Vb(u) # 0, for all (z,u) € X.

3) ® and w are twice continuously differentiable.
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The key here is item 1. It requires that the control input appears, after differentiating i along the system (r+1)-
times, which is basically a relative-degree type of assumption. Note that, under item 1, all functions {/;},<, depend
solely on z, and the function h, is an r-order CBF for system (2), cf. [17].

We design the controller O(t) = ge,a,(£(t), v(t)), where:
ow

1
argqmin §||q + ea—u(u)TVq)(gc)H2

st VU b(u) - blw) > 0
ey (T, 1) = s (u) - q + ab(u) > .
ox T, ’ ou ’ q

+yhy(x,u) >0

and € > 0, @ > 0 and ~y > 0 are parameters to be designed. The closed-loop dynamics become:

£(t) = f(&(t),v(t)), (7a)
O(t) = ge,ay (§(1),0(t)). (7b)

Let us provide intuition behind the design of (6). It is known, see e.g., [1], that the standard gradient flow
o(t) = —e%’j(v)TV@(f), drives the system (2) to the critical points of the unconstrained version of (3), for
sufficiently small €. Inspired by the SGF design proposed in [16], (6) modifies the standard gradient-flow point-wise
minimally (arg min), so that the conditions of the QP (6) hold. In the coming section, through CBF arguments, we
show that these conditions enforce b(v(¢)) > 0 and h,.(£(t)) > 0 for all ¢, assuming b(v(0)) > 0 and h,.(£(0)) > 0,
guaranteeing forward invariance of a subset of X. Importantly, employing the high-order CBF h,. is the key to

enforce state constraints h(£(¢)) > 0 by modifying controller dynamics.

Remark 2. (Connections with the literature): The work [13] also proposes a controller based on SGFs [16], but
only guarantees anytime satisfaction of the input constraints. To address anytime satisfaction of state constraints, the
design (6) includes the constraint on the high-order CBF h.., which significantly complicates the technical analysis,
as we illustrate below. Incidentally, results in [16], [19], [20] show how the controller in [13] approximates projected
gradient flows, which have also been proposed as a solution to feedback optimization with input constraints (see

[11, [9]).

In what follows, we provide a number of results concerning the proposed dynamics (7): feasibility of the QP in
(6), Lipschitz continuity of (6), constraint satisfaction, relationship between the equilibria of (7) and critical points

of (3), and stability of minimizers of (3). All proofs can be found in Section VII.

A. Constraint satisfaction

First, we focus on the constraint satisfaction guarantees. We refer to constraint satisfaction as safety, which is
common in the CBF literature.

Proposition IV.1 (Safety). Let Assumption 2 hold. If the QP in (6) is feasible everywhere in (| X; and (7) has a
i=0

7=

i i
unique solution for any initial condition in (| X;, then (| X; is forward invariant.
i=0 i=0
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In the next section, we provide conditions on feasibility of the QP in (6) and existence and uniqueness of solutions
of (7). As it becomes clear from the proof of Prop. IV.1, all sets (;_, {(x,u) : b(u) > 0,h;(x,u) > 0} for all

k=r,r—1,...,0 are forward invariant. As a consequence of Prop. IV.1, if the initial condition lies in (| A; C X,
=0
the proposed controller enforces both input and state constraints at all times, i.e., b(v(¢)) > 0 and h(£(t)) > 0, for

all ¢ (recall from Remark 1 that, under compactness assumptions, sufficiently large values of 8 make [ X; = X).
i=0

Importantly, all feasible points of the optimization problem (3) lie in () &;, as the following result shows.
i=0

7=

Proposition IV.2. (Feasible points of (3) lie in [ &;): Let (2., u.) be a feasible point of (3). Then, (., u) €
i=0

7

N .
1=0

B. Well-posedness: feasibility and Lipschitz continuity

We now provide conditions that guarantee feasibility of the QP (6) and existence and uniqueness of solutions of

(7) over X,.. Notice that this suffices to satisfy the assumptions of Prop. IV.1, as (] &; C X,..
i=0

Proposition IV.3 (Feasibility). Let Assumption 2 hold. Assume that X, is compact and that, for any (z,u) € X,
there exists q(y.) € R™ such that:
o if b(u) =0, then V"b(u)q(zu) > 0;

; _ Oh, lé)
o if he(x,u) =0, then 5

h,
ox

(7, U)q(z,u) + (z,u)f(z,u) > 0.

Then, there exist cp,yy > 0 such that, for all o > oy, v > vy, the QP in (6) is feasible for any (z,u) € X,.

Regarding the hypotheses of Prop. IV.3, note first that &) is compact if the constraint set X’ is compact. The
result says that sufficient regularity of the set {(z,u) : b(u) > 0,h.(xz,u) > 0} guarantees feasibility of QP

(6). To illustrate this, we compare the conditions in Prop. IV.3 with the standard MFCQ conditions, on the set

{(z,u) : b(u) > 0, h,(x,u) > 0}. We observe one difference, namely the presence of the term 9= (z,u) f(z, u)
in the second condition: on the boundary h,.(x,u) = 0, whenever the plant dynamics f are pushing h,(z,u) to
decrease below 0, the controller’s dynamics should be able to counteract that effect. This naturally does not exist
in standard MFCQ, as in the case of solving optimization problems, there is no external dynamics (the plant in
our case) driving the optimization algorithm outside of the constraint set. Thus, the conditions in Prop. IV.3 can

be seen as MFCQ with the additional assumption that the plant dynamics can be counteracted by the controller in

keeping h,. positive.

Proposition IV.4 (Lipschitz continuity). Under the assumptions of Prop. IV.3, further assume that, for every (x,u) €
X, CRCQ holds for (6). Let o,y as in Proposition IV.3. Then, by taking o > oap, v > 7Yy, Ge,a,y is locally
Lipschitz for all (z,u) € X,.

The conditions in Prop. IV.4 guarantee that (7) has a unique solution for every initial condition in &).. For
alternative conditions on the optimization problem that can be invoked to guarantee local Lipschitzness, we refer

to [29].
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Remark 3. (Ensuring CRCQ): It can be shown that CRCQ holds for (6) if Assumption 2 holds, X, is compact

and there exists ¢ < 1 such that, if b(u) = 0 and h,(x,u) = 0, then |V T b(u) %hr (z,u)|< ¢||Vb(w)|||| %’Z (x,u)

u

>

i.e, Vb(u) and %}Z (z,u) are linearly independent in a non-vanishing fashion. The proof is omitted for space

limitations.

C. Critical points, equilibria and convergence to optimizers

Next, we unveil the relationship between the equilibria of the closed loop (7) and critical points of (3).

Proposition IV.5 (Critical points of (3) - equilibria of (7)). Assume that either MFCQ or CRCQ holds at (x,u.) €
X for optimization problem (3) and QP (6)%, and that at least one of the following holds:

) h(z.) >0;

2) Vh(xy) is a right eigenvector of %(JC*, uy) with eigenvalue e and " < 0;

3) (‘g—i‘:(u*))—r is a left eigenvector of g—i(x*,u*) with eigenvalue e and e < 0.

Then (x4, us) is a critical point of (3) if and only if it is an equilibrium of (7).

According to condition 1 in Prop. IV.5, all critical points in the interior of the state constraint set {x : h(z) > 0}
are equilibria of (7), and vice-versa. In practice, this is not too restrictive, as often it is undesirable to operate
exactly on the safety boundary h(z) = 0. Nonetheless, even if this is not the case, we explain in Remark 4 how
one can modify the controller dynamics (6) so that, given a global optimum of (3) (even on the boundary), the
closed-loop admits a corresponding equilibrium in the interior that is of arbitrarily small suboptimality.

Equivalence between critical points and equilibria on the boundary can be guaranteed if either condition 2 or
3 in Prop. IV.5 holds. These conditions can be interpreted as follows. In the steady state, controller (6) can be
seen as the SGF solving the optimization problem min, , ®(z) s.t. z = w(u), b(u) > 0, h,(z,u) > 0. Either
of these conditions guarantees that this problem is equivalent to the original problem (3). If these conditions are
not satisfied, however, the closed-loop dynamics (7) might have equilibria on the boundary which are not critical
points. Addressing this is left for future work.

Finally, we establish local exponential stability of local minimizers of (3) under the closed-loop dynamics (7) if

condition 1 holds.

Theorem IV.6 (Convergence to optima). Let Assumptions 1 and 2 hold. Let (x.,u.) be a local minimizer of (3)
with h(x.) > 0 and N a neighborhood where (x.,u,) is the only critical point. Assume that v > ®(w(u)) has
compact level sets. Assume the QP (6) is feasible everywhere in N, that MFCQ or CRCQ holds in N for (3)
and (6), and that unique solutions of (7) exist for any initial condition in N. Then, there exist €,,v, > 0, such
that, for any € € (0,¢,) and v > ., the point (x.,u.) is locally asymptotically stable relative® to X, for the

closed-loop dynamics (7).

2As QP (6) has linear constraints, satisfaction of MFCQ or CRCQ is independent of the value of the decision variable g.

3 Asymptotic stability relative to a set S means that the region of attraction is contained in S.
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Remark 4. (Regularization to obtain interior equilibria): If condition I in Prop. IV.5 is not satisfied, i.e., h(x,) = 0,

one can do the following. Given p,e > 0, consider the following variation of (3):
min ®(x) + p(e — h(x)?)
s.t. x = w(u), blu) >0, h(zx) > 0. (8)

It can be shown that, for any threshold 6 > 0, there exist p,e > 0 such that the optimizer (z',u’) of (8) satisfies
h(z") > 0 and |®(z') — ®(x.)|< & (we omit the proof for space limitations). Thus, using the objective function
of (8) instead of ® in the controller (6), we can invoke Prop. IV.5 to guarantee that the corresponding closed-
loop dynamics admit an equilibrium (z',u') of arbitrarily small suboptimality wrt (., u,). Further, under the

assumptions of Thm. IV.6, (2’ ,u’) can be made locally asymptotically stable relative to X,.

V. NUMERICAL EXAMPLE

Consider the control system

. —-1.6 —0.1 1
E= A+ Buv, A= , B=
-1.0 -0.8 0 1
and observe that it satisfies Assumption 1. The steady-state map is w(u) = —A~!Bu. We consider a feedback-
optimization problem (3) with the following data:
(Il - 2.2)2

() := ||z — (1.775,0.9)||%, b(u) := 16 — |jul|?, h(zx):=1— — (29 — 0.3)2, )

4

which amounts to a strictly convex problem with ellipsoidal state constraints. Assumption 2 is satisfied with r = 1.
The unique global optimizer (., u.) = (1.775,0.9) lies in the interior of X, thus condition 1 in Prop. IV.5 holds,
and the conclusions of Thm. IV.6 are valid.

Figure 1 compares our approach with the one proposed in [13], that handles only input constraints. Both
approaches converge to the steady-state optimizer. However, as expected, the latter leads to transient state-constraint
violations, while the design proposed here enforces them at all times; as Figure 2 shows, our method, accounting
for dynamic plants and employing high-order CBFs, enforces h(£(t)) > 0 and b(v(t)) > 0 for all ¢. Finally, in
Figure 3, we simulate our approach for several initial conditions. Even though Thm. IV.6 guarantees only local
stability, it seems that, in this example, stability is global wrt the constraint set. This may be related to the strong

convexity of feedback optimization problem (3)-(9) and will be subject of future research.

VI. CONCLUSIONS

We have presented a feedback-optimization method that handles both input and state constraints at all times.
We have provided results on the proposed dynamics’ well-posedness, constraint satisfaction, equivalence between
equilibria and critical points, and local stability of local optima. Aspects in need of further research include: a)
there might exist spurious equilibria on the state-constraint set’s boundary that are not critical points, b) the stability
guarantee of optima is only local, c) the system model is used to enforce state constraints. Future research will
focus on (partially) model-free cases and on guaranteeing global convergence to optima or critical points, thereby

excluding limit cycles and convergence to undesired equilibria.
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Fig. 1: Comparison of trajectories of (7) and the Fig. 2: Values of h (scaled) and b along a trajectory
method in [13]. of (7).

-1.7 -0.7 0.3 1.3 2.3

Fig. 3: Trajectories of (7) for different initial conditions.

VII. TECHNICAL PROOFS

Proof of Prop. IV.1. 1f, for some ¢ > 0, we have b(v(t')) > 0, then the first constraint in (6) enforces that
b(v(t)) > 0 for all ¢ > ¢ (through standard CBF arguments, see e.g. [17]). Similarly, if for some ¢ > 0, we
have h,.(£(t'),v(t')) > 0, the second constraint enforces that h,.(£(t),v(¢)) > 0 for all ¢ > ¢/, ie., the set
{(z,u) : hy(z,u) > 0} is forward invariant. Now, if for ¢’ > 0, we have h,_1(£(t'),v(t')) > 0, again through
standard CBF arguments, we have that h,_1(£(¢),v(t)) > 0 for all ¢ > t' if h,(£(¢),v(t)) > 0 for all t > ¢/,
due to the definition of h,.. Thus, the set {(z,u) : h.(z,u) > 0, hy_1(z,u) > 0} is forward invariant. Using this

argument recursively, we conclude that () X; is forward invariant. O
i=0

Proof of Prop. IV.2. Since (z.,u,) is feasible for (3), h(x.) > 0 and b(u,) > 0. Therefore, (z,, u.) € Xy. Now,
note that hy(Zx, us) = VA(zw, ue)? f(2s,us) + Bh(x,), and since f(x.,u.) = f(w(us),us) = 0 and 8 > 0, we
obtain hq(x.,us) > 0. In fact, for all ¢ € [r], hi(xs, us) = Bhi—1(x«, us), implying that h;(z.,u,) > 0 for all
i € [r] and hence (2., us) € 'ﬁo X;. O

7=
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10

Proof of Prop. IV.3. For each (z,u) € 0X,, let N, ,) be an open neighborhood of (x,u) such that for every
('fa ﬂ) € Mm,u)
e if b(u) = 0, then VTb(ﬂ)Q(I’u) > 0;

o if hy(z,u) = 0, then 9= (2, 0)q(y ) + 2= (2,0) f (2, 1) > 0.

Note that such a neighborhood N, .,y exists by continuity of Vb, %}LT and (z,u) — %}Z (x,u) f(z,u).
Now, let S7 := {(z,u) € X, : b(u) = 0}, So := {(z,u) € X : hy(z,u) = 0}, S3 := S1 NS, and consider the
following three sets:
M= U New, Mo = U NMew, Ns = | Mo
(z,u)eS1 (z,u)ES2 (z,u)€S3
Since N is a cover of Si, we can extract a finite sub-cover Ny ; = Uf\]:ll N u) of S1 with b(u;) = 0 for all
i € [N1] and Ny € Z+. Similarly, we can extract finite sub-covers Ny o = vajl Nziuy) of Sa, with hy. (x4, u;) =0
for all i € [N2] and Ny € Z, and N3 = Uf\fl N ui) of S, with b(u;) = hy(xi,u;) = 0 for all 4 € [N3] and
N; € Zo.

Since b is continuous and S; is compact, there exists ¢; > 0 such that, if b(u) € [0,¢1], then (z,u) € Ny 1.
Indeed, if this was not the case, there would exist a sequence of positive numbers {Ei}ieZ>0 with Zli)r(r)lo ¢; = 0 and
points (Z;,u;) € X, such that b(a;) € [0,¢] and (Z;, 4;) ¢ Ny1. As X, \ N1 is compact, a subsequence of these
points converges to a point (z.,u,) € X, \ Ny with b(u,) = 0; this is a contradiction, as b(u,) = 0 implies
(s, us) € S1 C Ny . Similarly, there exists co > 0 such that, if h,(x,u) € [0, ¢z, then (z,u) € N o; and ¢ > 0
such that, if b(u) € [0, 3] and h,.(z,u) € [0,cs3], then (z,u) € Ny 3.

Now we consider four cases:

1) Let Q3 = {(z,u) € X, : hy(z,u) € [0,c3],b(u) € [0,cs]}. Since Q3 C Ny 3, then, for each (z,u) € Qs,

there exists ¢ € [N3] such that

Vb(u) ", up) + ab(u) >0,

Oh, oh,
ou (:Evu)q(m“ul) + aj(mvu)f(mvu) + ’YhT(Qf,’U/) > Oa

for all « > 0, v > 0. Thus, QP (6) is feasible in @3, for all « >0, v > 0.
2) Let Q2 = {(z,u) € X, : hy(x,u) € [0,c2],b(u) > ¢3}. Since Q2 C Ny o, for each (z,u) € Q2, we know
that there exists ¢ € [INa] such that

oh, oh,
ou (xvu)Q(x“ul) + 87(377’“).}0(377“’) + ’yhT(aj’u) > O’

for any v > 0. Define

b(w) T qe,
ey V) )

Qf
fs s

Since X, is compact, Vb is continuous, and Ny is finite, oy, is finite. Therefore Vb(u) " gz, u;) +b(u) >0

for any a > ay 1. Thus, QP (6) is feasible in @2, for all a > a1, v > 0.
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3) Let Q1 = {(z,u) € X, : b(u) € [0,c1], hp(z,u) > c3}. Since Q1 C Ny 1, for each (z,u) € Q1, we know
that there exists ¢ € [N1] such that Vb(u) " q(z, u,) + @b(u) > 0 for all v > 0. Define

! O W)y + 2 0) f (a1, )

= — max — (T, U —I(r,u T, u)f.

e cg (zu)€X,ic{l,...,Ni} | Ou Uwius) T 57\ ’

Since X, is compact, %}3 and (z,u) — %}Z (z,u)f(x,u) are continuous, and Ny is finite, ;1 is finite.

Ohy

ou
Q1, for all & >0, v > v41.

4) Let Q4 = X\ (Q1 U Q2 U Q3). Note that for all (z,u) € Q4, we have b(u) > min{cy,c3} > 0 and

Therefore

(%, )Gz, u) + %(I, u)f(x,u) +vh,(x,u) > 0, for all v > ~;1. Thus, QP (6) is feasible in

hy(z,u) > min{cg,c3} > 0.
Define

Oh,
(JC,U)GI(I}\T'a;(L{)mXT ox (LL', u)f(l‘, u)|
fo,Q =

min{CQ, 63}

Since & is compact, and % and f are continuous, vy is finite. Now, for all (z,u) € Q4 we have

Vb(u) "0, + ab(u) > 0,
oh, oh,
ou or

for all & > 0 and v > y,2. Thus, QP (6) is feasible in Q4, for all a > 0, v > 2.

(x,u)TOm +

(z,u) f(z,u) + vhy(z,u) > 0.

The result follows by observing that X, = Q1 U Q2 U Q3 U Q4, and taking oy = af 1, v = max{ys 1,72} O

Proof of Prop. IV4. By following the argument used in Prop. IV.3, by taking o > ap, v > ¢, (6) is strictly
feasible (i.e., for any (x,u) € X, there exists ¢ € R™ satisfying each of the constraints strictly). Thus, Slater’s
condition holds for (6). Since (6) is a strongly convex QP, by [18, Prop. 5.39], we have that MFCQ holds for (6)
at the optimizer. The result follows from [28, Thm. 3.6]. O

Proof of Prop. IV.5. Proof of — . First, because =, = w(u.), we have that f(z.,u.) = f(w(us),us) =0,
from Assumption 2. Due to the assumption on MFCQ or CRCQ, there exist A\p, Ap > 0 and p € R™ such that the

KKT conditions for (3) are satisfied:
— A - X Ow =0, (10)

0<Ap Lh(z:) >0, 0< X Lb(us) >0, x,=w(us)

Further, at (z.,u.), we have:
1
argmin 3 o+ o (u.)TVa.)|
st Vb(us) - g+ ab(uy) >0

oh,
7(‘%*7”*) q + ’th(x*au*) 2 0
—_——

gE,a,'y(x*v U*) =

ou

LT h
W(I*vu*)
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Now, observe that f(u) = f(w(u),u) = 0. Thus %(u) =0 = %(w(u),u) = ax( w(uw), u)%(u) By

employing this relationship, we obtain:

(;cr (:c*,u*))—r - fg%(u )T (gi(z*,u*))TVh(x*) (11)

The KKT conditions for the controller’s QP are as follows:

ow, - , ow, . 0f r B
+ ()\h%(u*) Vh(z.) + )\be(u*)) N V() + X, G () (%(x*,u*)) Vh(z,) =0
0 <N, L VI b(uy) - qu +ab(us) >0 (12)
Yo

where )}, A are Lagrange multipliers; we replaced % 9w (4,) TV O(z,) by /\h Y (u,) " Vh(zs) + A Vb(u,), employ-
ing (10); we used (11); we used that b, (z., us) = Bhr_1(Tw, ux) = BQhr,g(x*,u*) = ... = "h(z.), employing
(5) and f(z4,u,) =0. If we can find A}, A\, > 0 such that (12) holds with ¢, = 0, the statement is proven.
« If condition (1) holds, i.e., h(z.) > 0, then A\, = 0. Picking A, = 0, A}, = Xy, (12) is satisfied with g, = 0.
o If any of (2) or (3) holds, then picking \; = —6%)\;“ A, = Ay, we see that (12) is satisfied with ¢, = 0.
Proof of <. As (z,,u,) is an equilibrium of (7), we have z, = w(u.), f(@«, us) = 0 and ge o (T4, us) = 0.
Through the KKT conditions of the controller’s QP, and noting that ¢, = géyozy,y(glc*7 u,) = 0, we obtain that there

exist A, Ay > 0 that satisfy the following conditions:
ow ow

of r

v T l l T(Y) _

o () V() = N Vb(us) + Ny (1) (ax(az*,u*)> Vh(z,) =0 .
0< N, Lablue) >0, 0<N, LB yh(zs) >0

where we used (11) and that h, (2., u.) = Bhyr_1(2s,us) = B2hyr_o(Ts,us) = --- = B"h(x,). To prove the

statement, we need to find Ap, A, > 0 and p € R™ such that (10) holds. We pick u = —V®(z,) + A\, Vh(z.), and

(10) becomes:

0 0 0
— i -\ + Sw =0
0 0 Vb(uy) —afu(u*)—r(—vq)(x*) + A\ Vh(zy))

0< A Lh(x:) >0, 0< A Lb(us) >0, x,=wlus)

Employing the first line of (13), the above become:

A Vb(u) — %’(u*)uhw(m + N, Vb(u,) — ;%(u*f (%(gc*, u.)) Vh(z.) =0 »
0<An LA(za) 20, 0< XN Lb(u) >0, x=w(u.)
Again, we have the following cases:
o If condition (1) holds, i.e., h(z,) > 0, then A} = 0. Picking A\, = 0, A} = Xy, we see that (14) holds.
o If any of (2) or (3) holds, then picking A\, = —e" X}, A\j = A, we see that (14) holds.
O
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Proof of Thm. IV.6. First, from [13, Lemma 2.1], under Assumption 1, there exists W : R™ x R™ — R, and

constants dj,ds, ds,ds > 0 such that for all (z,u) € R™ x R™:

di |z — w(u)|* < W(w,u) < ds [lz = w(w)|?,

oW (z,

I 0 ) <~y o — ()],
oW (z,
|25 < e = il

Consider the function V : A/ — R defined by V(z,u) := ®(w(u)) — ®(w(us)) + W(z,u). Let us show that
V is a Lyapunov function. Note that V(z.,u.) = 0, as z, = w(u,), and since ®(w(u)) > P(w(u,)) for all
(@, u) € N\ {(zs,us)}, V(z,u) >0 for all (z,u) € N\ {(zx,us)}.

Now, we have:
d ow

Z2@#) = VT @(w(v(t) 5 (v(t)gean (&), v()),

where (£(t),v(t)) is a solution to (7), with initial condition (£(0),v(0)) € AX,.. Notice that b(v(t)) > 0 and
hr(€(t),v(t)) > 0 for all time, from forward invariance of {(x,u) : b(u) > 0, h,(x,u) > 0} (see proof
of Prop. IV.1). In the following, we drop the dependence of £ and v on ¢ from notation, for convenience. Let
I' € NN X, be a sublevel set of V, such that (x,,u,) € I' and h,(z,u) > 0 for all (x,u) € I'.* Since Vo
and % are locally Lipschitz, and I" is compact, there exists L > 0 such that for all (z,u), (2',u) € T', we have
HVTCD(;U)%(u) - VTq)(x')g—‘;’(u)Hg L||z — «'||. Then, whenever (£(t),v(t)) €T,

d

%q’(w(“)) =
- Ow T Ow T ow
(v (I)(’IU(U)) : ou (U) -V (I)(f) : %(U))ge,a,'y(gv) +V (I)(5) . %(U)ge,a,'y(gvv) < (15)
ow

L|ig = w(@)llge.a. (€ 0)I+V T @(E) Ty (Ve (& 0)

Now, from KKT conditions of (6) we have:

) oh,
e (,0) + € (u) T VB() = Ny, 0) Vh(u) = X (2,0) F L (r,0) T =0 (16)
where \j, A} are Lagrange multipliers satisfying:
0 < N(2,u) L VI b(u)ge an (2, u) + ab(u) >0, (17)

Oh, Oh,
0 < )\;L(xau) 1 ou (x7u)ge,a,’y(m7u) + %(x,u)f(x,u) + ’th<x7u) > 0

For the second term of (15), we obtain:

0
VT(I)@) ' 6111: (V)ge,ay (&5 v) =
1 , , Oh T
(= 9ean (€:0) + X (EV)VB) + M (6 0) TEE VD)) gean(§:0) = (18)

1 1, 1., 1., Oh,
*2”9671177(5,’1))”272)\{)(&-,’1))0({)(’0) - EAh(gav)Pth(gvv) - g)‘h(£7v)%(€av)f(£a U)a

4Such a sublevel set exists because: a) V' has compact sublevel sets due to ® having compact sublevel sets and W being radially unbounded;
and b) (@, us) satisfies hy(x«,usx) = B"h(zx) > 0, and due to continuity of h,, I' can be picked small enough so that h(z) > 0 for all
(z,u) €T.
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whenever (£(t),v(t)) € T', where in the first step we used (16) and in the second step we used (17). Now, since

hy(x,u) > 0 for all (z,u) € T, and T is compact, there exists ¢y > 0 such that h,.(x,u) > ¢y for all (z,u) € T.

%f;: (337 u)f(aja u) > —C
oh,.

for all (z,u) € I'. Hence, by taking v > 7. := ¢, we have vh,(z,u) + G (2, u) f(z,u) > 0 for all (z,u) €T,

Moreover, since I is compact and % and f are continuous, there exists ¢; > 0 such that

which from (18) means that

0 1
VTR(E) - G (0)eian(6,0) < =~ llgean (& 0)]

whenever (£,v) € T', where we have also used the fact that b(v(t)) > 0 for all ¢ > 0. Note also that

d
W& v)s—dsi€ ~ w()|* +dallgean (€ V)| 1€ = w(w)].

Hence, we have £V (£(t),v(t)) < ((t)T P.((t) whenever (£(t),v(t)) € T, where

L1 (Ltdy
(0 = [lgcar €0 vON. 60 - weO ], 2= { ey 5
2 .

2
Note that det(P.) = % — (%) and hence by taking € < €, = ﬁ, P, is negative definite. Therefore,

€

by taking € € (0,€,) and v > 7., SV(£(t),v(t)) < 0 whenever (£(t),v(t)) € T, unless gea~(&,v) = 0 and
& —w(v) = 0. Now, for any point (z,u) € I, such that z = w(u), we have that h(x) = %hr(x,u) > 0. Thus,
if ge,a,y(z,u) = 0 and z = w(u), from Prop. IV.5 we have that (z,u) is a critical point of (3); since (x,u,) is
the sole critical point of (3), £V (£(t), v(t)) < 0 for all (£(t),v(t)) € T'\ {(z+,u.)}, and £V (2., u,) = 0. This

completes the proof. O
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