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Abstract—This paper studies the well-posedness and reg-
ularity of safe stabilizing optimization-based controllers for
control-affine systems in the presence of model uncertainty.
When the system dynamics contain unknown parameters, a
finite set of samples can be used to formulate distribution-
ally robust versions of control barrier function and control
Lyapunov function constraints. Control synthesis with such
distributionally robust constraints can be achieved by solving a
(convex) second-order cone program (SOCP). We provide one
necessary and two sufficient conditions to check the feasibility of
such optimization problems, characterize their computational
complexity and numerically show that they are significantly
faster to check than direct use of SOCP solvers. Finally, we
also analyze the regularity of the resulting control laws.

I. INTRODUCTION

Recent years have seen increasing deployment of con-
trol systems and robots to aid transportation, warehouse
management, and home automation. In these applications,
it is crucial to implement controllers with provable safety
and stability guarantees despite uncertainty in the system
models and operational conditions. Recent work [1]-[6]
tackles this problem when some prior information about the
uncertainty is known. Instead, here we rely on a line of
work initiated in [7] that circumvents the need for knowledge
about the uncertainty distribution and uses only uncertainty
samples to formulate distributionally robust constraints for
control synthesis. This approach is robust to distributional
shift at deployment time and enjoys provable out-of-sample
performance. However, it also introduces several challenges,
on which we focus here: the characterization of the quality
and number of uncertainty samples needed to guarantee the
feasibility of the safety and stability constraints, and the
study of the regularity properties of the resulting controllers.

Literature Review: Control Lyapunov functions (CLFs) [8]
are a well-established tool to design stabilizing controllers for
nonlinear systems. More recently, control barrier functions
(CBFs) [9] have gained popularity as a tool to render a
desired subset of the system state space safe. If the system
is control affine, CLF and CBF constraints are linear in the
control input and can be incorporated in a quadratic program
(QP) [10] that, if feasible, can be solved efficiently to obtain
control inputs guaranteeing safety and stability. Recent work
has explored alternative optimization formulations when the
system model is uncertain. Under the assumption that the
uncertainty follows a Gaussian Process (GP) or satisfies
worst-case bounds, [1]-[3], [5], [11], [12] formulate second-
order cone constraints that can be used to design controllers
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achieving safe stabilization of the true system. The paper [4]
gives sufficient conditions for the feasibility of such second-
order cone constraints. Our work here is closely related
to [7], which leverages ideas from distributionally robust
optimization (DRO) [13], [14] to model the uncertainty. The
DRO framework constructs an ambiguity set of probability
distributions that contains the true (unknown) one with high
confidence. Such ambiguity sets are constructed with only
finitely many samples and are used to formulate distribu-
tionally robust versions of the control design problem.
Statement of Contributions: We study the problem of safe
stabilization of control-affine systems under uncertainty. We
assume that the distribution of the uncertainty is unknown
and formulate a second-order cone program (SOCP) us-
ing distributionally robust versions of the CLF and CBF
constraints constructed on the basis of uncertainty samples.
Our first contribution is the derivation of a necessary con-
dition and two sufficient conditions for the feasibility of
the optimization problem. We characterize the computational
complexity of these conditions and show that, for a large
number of samples, it is significantly smaller than solving the
SOCP directly, which makes them useful to efficiently check
whether the problem is feasible without having to solve it.
Our first sufficient condition is dependent on the quality of
the uncertainty samples but is limited to a single control
objective. Our second sufficient condition is only dependent
on the number of samples but can be used for any number
of constraints. Our third contribution shows that the solution
of this distributionally robust optimization problem is point-
Lipschitz, and hence continuous, which means that solutions
of the closed-loop system are guaranteed to exist and the
controller obtained from it can be implemented in physical
systems without the emergence of chattering behavior.

II. PRELIMINARIES

In this section, we review preliminaries1 on distribu-

tionally robust chance-constrained programming and control
Lyapunov and barrier functions for systems with uncertainty.

'We denote by Z~q, R and R the set of positive integers, real, and
nonnegative real numbers, resp. We denote by 0,, the n-dimensional zero
vector. We write S for the boundary of the set S. Given z € R"™, ||z||
denotes the Euclidean norm of z. For z € R, we define (z)4+ = max(z, 0).
A function 8 : R>g — R is of class Koo if 8(0) = 0, B is strictly
increasing and tl_l)ngo B(t) = oo. A function V' : R®™ — R is positive
definite if V/(0) = 0 and V' (z) > O for all = # 0, and proper in a set
Tif{z el V(z) < c} is compact for any ¢ > 0. Given m x n
matrix A and two integers 4, j such that 1 < 7 < j < m, A;.; denotes
the (j — ¢+ 1) X n matrix obtained by selecting the rows from ¢ to j of
A. A function f : R™ — RY is point-Lipschitz at a point zg € R" if
there exists a neighborhood U of zo and a constant Ly, > 0 such that
1£(2) = F(2o)ll < Lol — wol| for all @ € U



A. Distributionally Robust Chance-Constrained Programs

Given a random vector £ following distribution P* sup-
ported on set = C R* and a closed convex set Z C R™,
let G : Z x Z — R define a probabilistic constraint
G(z,&) < 0. We are interested in satisfying this constraint
with a prescribed confidence 1 — ¢, with ¢ € (0,1), while
minimizing a convex objective function ¢ : Z — R. To
achieve this, define the chance-constrained program:

min c(z) ()
s.t. P*(G(z,6) <0)>1—ce.

The feasible set of (1) is not convex in general. Nemirosvski
and Shapiro [15, Section 2] propose a convex approximation
of the feasible set of (1) by replacing the chance constraint
with a conditional value-at-risk (CVaR) constraint. CVaR of
G(z, &) can be formulated as the following convex program:

CVaR! (G(z,€) == inf[e 'Ep+ [(G(2, &) + t)4]—1]. ()

teR

The resulting problem

géig c(z) 3)

st. CVaR!™ _(G(z,€)) <0,

is convex and its feasible set is contained in that of (1).

Both (1) and (3) assume that P* is known. Instead, suppose
that it is unknown and we only have access to samples
{&}iciv) from P*. We describe a way of constructing a
set of distributions that could have generated the samples.
Let P,(Z) be the set of probability measures with finite p-
th moment supported on =. Let Py := + vazl d¢, be the
empirical distribution constructed from the samples {&;} ;.
Let W, be the p-Wasserstein distance [14, Definition 3.1]
between two probability measures in Pp,(Z) and let MY, =
{n € Py(B) : W,(u,Py) < r} be the ball of radius
r centered at Py. We define the following distributionally
robust chance-constrained program:

min c(z) 4)
s.t. Pelrjxftyv P(G(z,€) <0)>1—c¢.

We can use CVaR to obtain a convex conservative approxi-
mation of (4):

széig c(z) &)

s.t. sup CVaR]__(G(z,€)) <0.
PeMY,

If (5) is feasible, then (4) is also feasible [15, Section 2].

We say that a distribution P is light-tailed if there exists
a > 0 such that Eplexp [|£|%] = [Z exp [|€]|*P(d€) < oo. If
P* is light-tailed, the following observation specifies how the
radius of M’y should be selected so that the true distribution
lies in the ball with high confidence.

Remark 2.1: (Choice of Wasserstein ball radius): If the
true distribution P* is light-tailed, the choice of r = ry(€)

given in [14, Theorem 3.5],

rN(G)Z{( o) N 2 SR

(log(;l;’l) )%

(6)
else,
where c1,co and a are distribution-dependent positive con-
stants (cf. [14, Theorem 3.4]), ensures that the ball M?\?’(e)
contains P* with probability at least 1 — €. Then, a solution
z* of (5) satisfies the constraint CVaR: _(G(z*,€)) < 0
with probability at least 1 — €. °
Remark 2.2: (Choice of €): The parameter € determines
the confidence level 1—e for constraint satisfaction. Through-
out the paper, we assume € < %, albeit results are valid gen-
erally, with explicit expressions becoming more involved. e

B. Distributionally Robust Safety and Stability

The notions of CLF [8] and CBF [9] can be used to design
controllers in uncertainty-free systems that enforce stability
and safety, respectively. Here we extend these notions for
systems with uncertainty in the dynamics. Consider a nom-
inal model F' and a linear combination of k perturbations,

k
&= (F(z) + Z W;(2)&5)u, )

where for 1 < j < k, W;(z) € R7*(m+1) denotes known
model perturbations, and £; € R denotes the corresponding
unknown weight, and u = [1;u] € Y := {1} x R™. We let
€ =1[6,6,...,&]T € 2 C RE. We assume that & follows
an unknown distribution P* but a set of samples {&,} ; is
available. We are interested in extending the notions of CLF
[8] and CBF [9] for systems of the form (7). To do so, note
that as shown in [7, Section IV], the CBF condition for a
system of the form (7) and a function h : R™ — R reads as
CBC(z,u, &) := ul'qn(z)+u” Ry (2)€ > 0, where the exact
forms of g;, and Ry, are given in [7, Section IV] and depends
on h and its gradient. Now, since £ follows a distribution P*,
we extend the definition of CBF by requiring that for all x
in the safe set, there exist u € U such that

P*(CBC(z,u,€) >0)>1—e. 8)

The CLF condition for (7) takes a similar form and is written
as CLC(z,u,&) < 0 (cf. [7, Section IV]). As shown in
Section II-A, CVaR can be used as a convex approximation
of (8). Hence, we introduce the following definitions.

Definition 2.3: (Control Lyapunov Function for Systems
with Distributional Uncertainty): Let € € (0,1). Given a set
I' ¢ R", with 0,, € T, a continuously differentiable function
V :R"™ — Ris a CLF on T" for (7) if it is proper in T,
positive definite, and for each = € T'\{0,}, there exists a
control u € U satisfying

CVaR}(CLC(z,u,£)) < 0.
Definition 2.4: (Control Barrier Function for Systems
with Distributional Uncertainty): Let € € (0,1), C C R”
and h : R” — R continuously differentiable such that:
C={xzeR" : h(z) >0},
OC ={z eR" : h(z)=0}.

(9a)
(9b)



The function h is a CBF for (7) if there is a K, function «
such that for all x € C, there exists u € U with

CVaR}__(CBC(z,u,£)) >0

The existence of a CLF (resp. a CBF) for (7) implies the
existence of a controller that makes the CLC (resp. the CBC)
condition hold at every point with probability at least 1 — e.
paving the way for the design of controllers that make the
system stable (resp. safe) with arbitrarily high probability.

III. PROBLEM STATEMENT

Consider the system model in (7) with distributional uncer-
tainty, meaning that the true distribution P* of the parameter
& is unknown. Assume the system admits a CLF and a
CBF, as specified in Definitions 2.3 and 2.4, respectively.
Given a nominal controller specified by a smooth function
k : R™ — U, we would like to synthesize a controller closest
to it that respects safety and stability constraints. Using (2),
this problem can be written in general form as

. _ 2
min||u — k(z)] (10)

s.t. lejtll)y\, tlgﬂf@[&
where M € Z~q and each G; : R® xUY x = — R is an affine
function in u and &, Gy(z,u,€) = ulq(z) + v Ry(2)€,
for smooth functions ¢; : R® — R™*! and R, : R* —
R(m+1xk With M = 2 and constraints corresponding to
CBC and CLC, this corresponds to a stable and safe control
synthesis problem. The case M = 1 with the constraint CBC
corresponds to a distributionally robust version of a safety
filter of k.

Although the constraints in (10) are convex, the program is
intractable due to the search of suprema over the Wasserstein
set. Fortunately, [7, Proposition IV.1] shows that when = =
R* and p = 1, the following SOCP is equivalent to (10):

(11a)

min Y
uel,yeRtER,s; ER
1N
st. 7||RT (z)ul| + i E s; —te <0, Vl € [M], (11b)

i=1
si > Gi(z,u, &) +t, Yie [N], VI e [M],

(11¢)
5; >0, Vi € [N], (11d)
y+1>V]12(u—k@))|?+ (y — 1)2 (11e)

We refer to (11) as the DRO-SOCP and take = = RF and
p = 1 Wasserstein distance throughout the paper.

A critical observation about problem (11) is that, in
general, it might be infeasible, leading to controllers that
are undefined. Furthermore, even if the problem is feasible,
the controller obtained from it might not be continuous,
hence resulting in implementation problems (it might induce
chattering behavior when implemented on physical systems)
and theoretical problems (lack of existence of solutions of the
closed-loop system). Hence, our goal in this paper is twofold.
First, we derive conditions to ensure the feasibility of (11).
Given the complexity of obtaining characterizations for the
feasibility of such problems, we focus on identifying condi-
tions that are easy to evaluate computationally as opposed

71]E]P’[(Gl(x7g7€) +t)+] - t] <0, Vie [M]a

to directly attempting to solve the optimization problem:
either sufficient conditions, to quickly ensure feasibility,
or necessary, to quickly discard it. Second, assuming that
the problem (11) is feasible, we characterize the regularity
properties of the resulting controller.

IV. FEASIBILITY ANALYSIS

In this section, we study the feasibility properties of (11).
We start by giving a necessary condition for its feasibility.

Proposition 4.1: (Necessary condition for feasibility of
DRO-SOCP): Let € € (0, +] and r > 0. For = € R, let

Qi(z) = rRi(2)2:(m+1) € R™*k, 7i(x) =rR)(x), € RY¥F

wy(x) = (—eq(z) — eRi(2)€;)2:(m11) € R™,

vi(7) = (—eq(z) — eRi(2)€,)1 € R,

Fri(x) = Qu(z)Qu(x)" — wp(z) @y i(x)" € R™™,

for | € [M] and i € [N]. Let A\, ;(x) be the minimum

eigenvalue of £} ;(z) and suppose Q;(x)Q;(z)T is invertible
for all [ € [M]. If (11) is feasible, then for each [ € [M],
there exists i € [N ] such that one of the following holds:
€y )\l 7( )<
1) N iz )>0 and (vl i—wl iy (erl —w; 7y Z))(x) >0,

(iii) )‘l z( ) =0, and (Ul,z — wj, z(QlQT) 1Ql7’l )(33) > 0.
Proof: Note that (10) (and hence (11)) is equivalent to

: _ 2
min||u — k(z)] (12)

N
s.t. || RE (z)ul| + mf { Z Gi(z,u, &) +1t)+ —te} <0,
i=1

for [ € [M], cf. [7, Proposition IV.1]. For (z,u) € R"™ x U,
the function A, ,(t) = & SN (Gila,u, &) + 1)y —te is a
piecewise linear function in t. Since € < —, it is decreasing
for t < tf(x,u) := min;en) —Gi(z,u,§;) and increasing
for t > ¢ (x,u). Hence, it achieves its minimum at ¢} (z, u).
Thus, (11) is feasible if and only if for all I € [M] the
following inequalities are simultaneously feasible:

r| R (x)ul| + eu"qi(x) + € max u"Ri(2)€; <0.  (13)
Note that, if for some | € [M], the constraint || R} (z)u|| +
eul q(z) + euT Ry(x)¢; < 0 is infeasible for all i € [N],
then (11) is infeasible. The result now follows from [2,
Theorem 2], which gives a characterization for the feasibility
of a single second-order cone constraint. [ ]

The following observation explains how Proposition 4.1
can be used to check for the infeasibility of (11) efficiently.

Remark 4.2: (Computational complexity of necessary
condition): A commonly used algorithm for solving SOCPs
is the method in [16]. For an SOCP with rg constraints and
optimization variable of dimension ng it requires solving
\/Ts linear systems of dimension ng and hence has com-
plexity O(y/rgn) (cf. [17]). Therefore, (11) has complexity
O(VMN(m + N)3). Instead, since checking the positive
definiteness of a symmetric matrix of dimension np can
be done by checking if its Cholesky factorization exists
(which has complexity O(n%)), the complexity of checking
the condition in Proposition 4.1 is O(NMm?). Hence,



for large N, it is much more efficient than solving the
SOCP (11) directly. We also note that the scaling in M for
the complexity of the SOCP solver is more favorable than
that of checking the necessary condition. o

Next, we state a sufficient condition for the feasibility of
(11) in the case M = 1.

Proposition 4.3: (Sufficient condition for feasibility of
DRO-SOCP with one constraint): Let r > 0, M = 1, and

O<e< % Given x € R™, define
Qa) = (r + € max|[&i ) B (@)2:(m 1) € R,
#z) = (r+ emax|i&; ) Ba (@) € RYF,
w(r) = —E(h(ff)z (m+1) € R™, O(z) = —eq1(x)1 € R,
F(z) = Q@)Q(x)" = w(z)w(x)” € R™™.
Let A(z) be the minimum eigenvalue of F'(x). Suppose that
Q(x)Q(x)T is invertible and one of the following holds:
(1) )\(1:) o
(ii) )\(a:) > 0 and (0 — 0T F~ QT — @0)(x) > 0,
w"(QQT) Qi) (z) > 0.

(i) A(z)=0and (9
Then, (11) is feasible at x.

Proof: By repeating an argument similar to the one
in the proof of Proposition 4.1, (11) is feasible in the case
M =1 if and only if the following inequality is feasible:

rl|R(x) ul| + euq(x) + ¢ max u"R(x)€; <0.  (14)
1€

Using the Cauchy-Schwartz inequality, the following in-

equality being feasible implies that (14) is feasible,

(r + e max||&, )| R() "] + eug(x) <0. (15)
Indeed, if (15) is feasible, there exists @ such that
rl|aT R(z)|| +ea” q(z)+ea® R(x)€,; < 0 for all i € [N], and
hence 4 satisfies (14). The result follows by [2, Thm. 2]. ®

Remark 4.4: (Computational complexity of the sufficient
condition): The complexity of checking the sufficient condi-
tion in Proposition 4.3 reduces to finding a maximum of N
numbers (which has complexity linear in N) and checking
the positive definiteness of a symmetric matrix of dimension
m. Hence, its complexity is O(N + m?), which is more
efficient than solving the SOCP (11), which has complexity
O(V'N(m + N)?), cf. Remark 4.2. .

Remark 4.5: (More data leads to better feasibility guar-
antees): For a fixed r, the addition of new data points
(larger N) implies that there are more chances that either
of (i)-(iii) in Proposition 4.1 are satisfied for each [ € [M].
Moreover, if P* is light-tailed, rx (€) decreases with N. The
choice 7 = ry(€) means that for each fixed i € [N] and
| € [M], the feasible set of the inequality 7||R;(z)"u| +
eul q(x) +eu” Ry(z)€; < 0 increases, which from the proof
of Proposition 4.1, also means that there are more chances
that either of (i)-(iii) are met. Similarly, under the assumption
that the norm of additional samples is upper bounded by
max; r = ry(€) also leads to a larger
feasible set of (15) and thus the sufficient condition in
Proposition 4.3 has more chances of being satisfied. )

Next, we provide a sufficient condition to ensure the
feasibility of (11) for an arbitrary number of constraints.

Proposition 4.6: (Sufficient condition for feasibility of
DRO-SOCP): Let r > 0, ¢ € (0,1) and € € (0,1). Suppose
that there exists a controller k : R” — U and non-negative
functions S; : R™ — R for | € [M] satisfying

CVaRY” (Gi(z, k(z),8)) < =Si(z), VIle[M]. (16)

Moreover, suppose that P* is light-tailed and let rx(€) be
defined as in (6). Let x € R™ be such that | R;(z)|| # 0 for
all I € [M], and let B : R™ — Rx( be an upper bound on
the norm of k. Then, if

o el@)
e 2[Ry (x)||B(x)’

(11) is strictly feasible at x with probability at least 1 — €
for any r < ry(&).

_ Proof: Note that by definition, the first component of
k(x) is 1 for all z € R™. Hence, B(z) > ||k(x)| > 1 for all
x € R™ so (17) is well-defined. Let {7 € R be such that

N (€) < a7

CVaRY., (G (1, ) = TEp-[(Gh(r,,€) + 1)) — £,

and define G(z,¢) =
that for any &, ¢ e RF,

Gz, &)~ Gz, € )I<*|IR1( -Ik@)-1€ = €1,

where we have used the fact that the operator (-); is
Lipschitz with constant 1. Using (18) in [14, Theorem 3.2],
we conclude that for any P € P,(E),

%(Gl(%]%(x)’g) + tT)Jr - tf Note

(18)

|Ee+(G(, €))—Es(G(a, £))|<*HR1( M- e(@) |- W (PP).
From condition (17), together with the fact that M;;}V(E)
contains P* with probability at least 1 — € (cf. Remark 2.1)
and since the maximum Wasserstein distance between two
distributions in M5 is 2ry(e), this means that with
probability at least 1 — ¢,

[CVaR_ (Gi(, k(z), £)) ~Es(G(z,€))| < Si(z).

for any P e M%V(e). By definition of CVaR, cf. (2), for
any P € P, (), CVaR;_, (G (w, k(2),€)) < Eg(G(,8)).
Combining this with (19) and (16), we get that with probabil-
ity at least 1 — &, CVaRY (G4 (z, k(x),€)) < 0 for all P e
MTN(G) This argument holds for [ € {2,..., N}, implying
that k( ) is strictly feasible for (10) (and hence, (11)) with
probability at least 1 — € for any r < ry(€). ]

Remark 4.7: (Dependency of sufficient condition on slack
terms): Condition (16) on the controller k corresponds to the
satisfaction of the constraints in (10) with a slack term S;(x)
on the righthand side. Larger values of these slack terms
mean that fewer samples are needed to satisfy (17). °

Remark 4.8: (Applicability of the sufficient condition):
Checking condition (17) does not require precise knowledge
of k&, just an upper bound of its norm. In particular, if bounds
on the control norm are included as constraints in (11), those

19)



can be used to construct B. Moreover, unlike Proposition 4.3,
condition (17) is agnostic to the samples {&,,...,&y} and
instead solely depends on its number N. Note that for each
x € R™ with ||Ry(x)| # 0 for all [ € [M], if S;(z) > 0 for
all [ € [M], there exists N, such that condition (17) holds for
all N > N,. This is because 7y (€) is decreasing in N and
limy 00 7n(€) = 0. The value N, is state-dependent and
is larger for smaller values of €, S;(x), and larger values
of B(z). Note also that the complexity of checking the
conditions in Proposition 4.6 is constant in N and m, and is
linear in M due to the minimum in (17). °

Given CBC and CLC constraints, according to [4, Remark
2.3] we can always find functions S as required in Proposi-
tion 4.6, even without knowledge of k. Both Propositions 4.3
and 4.6 give sufficient conditions for feasibility that can be
used as quick tests before solving (11). If the conditions are
not met (which does not mean that (11) is not feasible), this
might be an indication that more data is needed to certify
feasibility, cf. Remarks 4.5 and 4.8.

V. REGULARITY ANALYSIS

In this section, we show that the controller obtained by
solving (11) is point-Lipschitz.

Proposition 5.1: (Point-Lipschitzness of SOCP DRO): Let
r>00< e < % and suppose R; and ¢; are twice
continuously differentiable for all [ € [M]. Let u* : R" —
R™ be the function mapping = € R™ to the solution of (11)
in » at x. If (10) is strictly feasible at g € R™ (i.e., there
exists a solution satisfying all the constraints strictly), then
u”* is point-Lipschitz at xg.

Proof: We first show the result for M = 1. Let

T := arg max G1(xo,u"(z9), &;). (20)
i1€[N]
Note that the set Z is dependent on x(, but we omit this
dependency to simplify the notation. Note also that since
G1(z,u,&;) is continuous in z and u for all i € [N],
there exists a neighborhood N' = N, x N, C R" x U
of (xg,u*(xp)) such that for all (Z,4) € N, there exists
iz,a € Z such that iz 3 € argmax;c(n) G1(2,4,&;). Recall
from the proof of Proposition 4.1 that, for any x, u € R"™ xU,
the function A, (1) == & SN (Gi(z,u, &) + )4 — te
attains its minimum at ¢*(z,u) := max;en) G1(z,u, §;).
Therefore, for (Z,1) € N, t*(2,1) = G1(%, 4, §;, ).
For each i € Z, let u} : R" — R™ be defined as:

ui(@) :=mipl|u — k()| 1)

s.t. 7| Ry(z) u| + €Gi (2, u,&;) < 0.

Note that since (10) is strictly feasible at x, there exists u €
U such that r|| Ry (zo) " ]| +max;e ] €G1 (w0, @, €;) < 0. By
continuity of R; and G in z, there exists a neighborhood
N, C N, of z¢ such that 7| Ry (z)T || + €Gy (2,4, €;) <0
for all z € N, and © € Z. This implies that (21) is strictly
feasible for any = € N,. Hence, by [4, Proposition 5.4], u;
is point-Lipschitz at xo for each i € Z. Now, since for all
y € N, there exists i € Z such that u*(y) = u;(y), and
N, C N, it follows that ||u*(y) — u*(zo)|| = |ui(y) —
ul(zo)|| < li]ly — ol for some I; > 0. Now, by taking

I := max;ez l;, it follows that ||u*(y) —u* (z0)|| < ||y —zol|
for all y € NV, and hence u* is point-Lipschitz at xo. The
argument if M > 1 proceeds analogously by defining a set
7, similar to Z for each | € [M]. |

Proposition 5.1 implies in particular that «* is continuous
at xg. Note also that the strict feasibility assumption in
Proposition 5.1 is satisfied with a prescribed probability if
the hypothesis of Proposition 4.6 are satisfied.

VI. SIMULATIONS

In this section, we evaluate our results in a ground-
robot navigation example. We model the robot motion using
unicycle kinematics and take a small distance a = 0.05 off
the wheel axis, cf. [18] to obtain a relative-degree-one model:

Ty 0 cos(d) —asin(h) 3 1
Iyl = < 0 sin(d) acos(d) —|—Z W; (:1:){})) v
0 0 0 1 j=1 w

where v, w are the linear and angular velocity, and

002 0 O 00 0
Wl(w):{0.02 0 o},wg(x):{o 0 0 }

001 0 O 0 0 -0.02

0 0.02cos(f) —0.02asin(0)
Ws(z)= |:0 0.02sin(d)  0.02a cos(8) :|,

0 0 0

represent the model perturbations in the drift, angular veloc-
ity, and orientation. We consider uncertainty samples from
the following distributions: & ~ N (0.5,1), & ~ U(—1,1),
and & ~ B(2,0.2), where N, U, B denote normal, uni-
form, and beta distributions, respectively. The optimization
programs are solved using the Embedded Conic Solver in
CVXPY [19] with an Intel i7 9700K CPU.

We first consider the problem of stabilizing the uncertain
unicycle system to a goal position [z},23] = [7,7] with
initial state [0,0,0], so we take M = 1 in (10). At the
initial state, the robot is assumed to have access to 3 samples
{¢,;}3_, and initial Wasserstein radius r = 0.5 with risk
tolerance € = 0.01. As the robot moves in the environment,
each unsuccessful solver attempt prompts the collection of
additional uncertainty samples and a corresponding reduction
in the ambiguity radius as prescribed by (6).

The time complexity, validity, and precision of Propo-
sition 4.1 are explored in Fig. la and Fig. 1b. Fig. la
compares the time complexity of checking the necessary
condition in Proposition 4.1 and of solving the corresponding
SOCP along the whole robot trajectory. Notably, the SOCP
becomes infeasible at around ¢ = 3 s and more uncertainty
samples are given until feasibility is regained. As expected,
when Proposition 4.1 predicts the program is infeasible, such
inference is consistently mirrored by the solver. Fig. 1b
specifically emphasizes the time complexity during data
collection stages. As the number of samples increases, the
SOCP’s time complexity escalates at a much faster rate
than the necessary condition verification, in agreement with
Remark 4.2.

Fig. 1c compares the time complexity of solving the SOCP
and of checking the sufficient conditions in Propositions 4.3
and 4.6. As expected, feasibility validation by either result
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Fig. 1: (a): Time complexity comparison between necessary condition verification (cf. Proposition 4.1) and SOCP solver along the robot trajectory. The
label “undetermined” means that the necessary condition is met, from which we could not know if the problem is feasible or not. (b): Time complexity
of necessary condition verification and SOCP solver with increasing uncertainty samples (constraints). (c): Log-scaled time complexity comparison of two
sufficient conditions (cf. Proposition 4.3 and Proposition 4.6) with the SOCP solver along the robot trajectory.
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Fig. 2: Time complexity comparison of necessary (cf. Proposition 4.1) and
sufficient (cf. Proposition 4.6) conditions.

ensures the actual feasibility of the program by the solver.
Checking Proposition 4.3 is more time-consuming than
checking Proposition 4.6, cf. Remark 4.4, but has greater
accuracy in validating feasibility. Notably, both checks are
significantly more efficient than solving the SOCP problem.
We also consider the safe stabilizing problem of the
unicycle system. The stabilization goal is [x},z5] = [5,5]
while the safety goal is to avoid a circular obstacle centered
at [3, 2] with radius 1. Fig. 2 compares the time complexity
and conservativeness of Proposition 4.1 and Proposition 4.6
for the case M = 2 in (10). Proposition 4.1 is valid and
requires significantly less time than solving the SOCP, while
Proposition 4.6 is also valid and even more efficient.

VII. CONCLUSIONS

We studied the feasibility of SOCP problems whose solu-
tion provide safe stabilizing controllers for uncertain systems
with no prior knowledge of the uncertainty distribution and
only a finite number of samples available. We provided a
necessary condition and two sufficient conditions to check
feasibility, characterized their computational complexity, and
showed through simulations their usefulness in practical
scenarios. We also showed that the controller obtained by
solving the SOCP is point-Lipschitz under fairly general
conditions. In future work, we plan to leverage the identified
feasibility conditions to guide online data-gathering policies
that aim to reduce uncertainty about the system dynamics
while balancing computational, control, and sensing effort.
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